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Abstract
Probabilistic Determination of Thermal Conductivity
and Cyclic Behavior of Nanocomposites
via Multi-Phase Homogenization
by
Atakan Tamer
A novel multiscale approach is introduced for determining the thermal conductivity of
polymer nanocomposites (PNCs) reinforced with single-walled carbon nanotubes
(SWCNTs), which accounts for their intrinsic uncertainties associated with dispersion,
distribution, and morphology. Heterogeneities in PNCs on nanoscale are identified and
quantified in a statistical sense, for the calculation of effective local properties. A finite
element method computes the overall macroscale properties of PNCs in conjunction with
the Monte Carlo simulations. This Monte Carlo Finite Element Approach (MCFEA)
allows for acquiring the randomness in spatial distribution of the nanotubes throughout
the composite. Furthermore, the proposed MCFEA utilizes the nanotube content,
orientation, aspect ratio and diameter inferred from their statistical information.
Local SWCNT volume or weight fractions are assigned to the finite elements (FEs),
based on various spatial probability distributions. Multi-phase homogenization
techniques are applied to each FE to calculate the local thermal conductivities. Then, the
Monte Carlo simulations provide the statistics on the overall thermal conductivity of the
PNCs. Subsequently, dispersion characteristics of the nanotubes are assessed by
incorporating nanotube agglomerates. In this regard, a multi-phase homogenization
method is developed for enhanced accuracy and effectiveness. The effect of the nanotube
orientation in a polymer is studied for the cases where the SWCNTs are randomly
oriented as well as longitudinally aligned.
The influence of voids existing in the polymer is investigated on the thermal
conductivity, to capture the uncertainties in PNCs more extensively. Further, a unique
damage evaluation model is proposed to assess the degradation of PNCs when subjected
to thermal cycling. The growth in void content is represented with a Weibull-based
equation, to quantify the deterioration of the thermal and mechanical properties of PNCs
under thermal fatigue. In addition, the MCFEA considers the interface resistance of the
carbon nanotubes as one of the key factors in the thermal conductivity of
nanocomposites.
Parametric studies are performed comprehensively. The numerical results obtained are
compared with available analytical techniques at hand and with the data from pertinent
independent experimental studies. It is found that the proposed MCFEA is capable of
estimating the thermal conductivity with good accuracy.
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1Chapter 1
1. Introduction
1.1. Motivation
Composites have proven to be an exceedingly effective and efficient class of materials in
engineering for decades. Essentially, they are heterogeneous structures composed of
reinforcing constituents embedded in a matrix phase. While the reinforcing phase
enhances the overall properties of the structure, the matrix acts as load transferring agent
and protects the integrity of the structure against the environmental and operational
damages. Therefore, the performance characteristics of a composite are superior to the
components taken individually. Among all, polymers have been the material of choice as
the matrix due to their low density, versatility of their processing methods, and ability to
be shaped and molded at relatively low temperatures compared to traditional materials
such as metals. A choice of the reinforcing filler emerges from the design requirements in
engineering, such as improved mechanical or thermal properties. With their exceptional
2mechanical, thermal and electrical properties, carbon nanotubes (CNTs) are considered to
be the ultimate reinforcing materials for composite applications.
In recent years, a vast number of efforts have been made to incorporate CNTs into
polymers with the aim of utilizing their desirable properties. In particular, polymer
nanocomposites (PNCs) with enhanced thermal conductivity are great candidates to
replace conventional materials in thermal applications in engineering vis-à-vis efficient
heat removal. However, a considerable number of studies report that the thermal
conductivity of PNCs is far below their potential. This limited thermal behavior of the
polymer nanocomposites essentially stems from non-uniform distribution and poor
dispersion of the nanotubes in polymers, the interaction and compatibility of the
nanotubes and polymer, as well as CNTs size and orientation effects. These complex
uncertainties in PNC structure evidently require pragmatic modeling to take advantage of
the full potential of the nanotubes.
This dissertation introduces a novel approach with the purpose of simulating the thermal
conductivity of polymer nanocomposites (PNCs) that comprise polymer matrix
reinforced with single-walled carbon nanotubes (SWCNTs). The proposed Monte Carlo
Finite Element Approach (MCFEA) relies on a multi-scale method to capture the
randomness of the problem at hand. The emphasis is specifically on dispersion and
distribution characteristic of the nanotubes in the polymer. There has been no work
performed unifying these parameters for solving this inhomogeneity problem in steady
state heat conduction. The Monte Carlo simulation based finite elements method is used
3to capture the spatial randomness of PNCs, represented by the local nanotube
volume/weight fraction as random variable. Local degree homogenization in a FE on the
thermal conductivity is performed by expanding the two-phase Eshelby’s equivalent
inclusion method to the multi-phase. Note that the precision of the proposed MCFEA is
highly dependent on the FE mesh sizing and the number of realizations used in the Monte
Carlo simulations.
Various parameters pertinent to the dispersion of SWCNTs in polymers are employed,
such as their properties, orientation, aspect ratio and diameter, which are deduced from
their statistical information. To that extent, nanotubes with perfectly random orientation
and longitudinally aligned nanotubes are taken into account. Moreover, the level of
dispersion is controlled by the agglomeration of the nanotubes, which is defined as
certain variables by the proposed model. On the other hand, spatial distribution of
SWCNTs in polymers is implemented by using random fields that represent the spatial
variations of the local SWCNT volume or weight fraction. Local nanotube characteristics
can easily be detected from image analysis of PNCs. Therefore, the proposed approach
depends solely on a small fraction of the actual morphology of the filler and its statistical
data. Variations of the effective thermal conductivity (Keff) of PNCs are presented for a
number of local SWCNT volume fraction distributions. That is, Weibull, Log-Normal
and Uniform.
As highlighted in numerous experimental studies, thermal resistivity between the
nanotubes and polymer is one of the main reasons of the poor thermal conductivity. Thus,
4an attempt here is made to identify its influence. Experiments also show the existence of
voids and impurities inherently present within PNCs due to the manufacturing or
operational conditions. The proposed approach investigates their impact. In this regard,
this dissertation makes an effort to further understand the long term effects of the voids
when the PNC is subjected to thermal cycling. The intent is to simulate the real
operational conditions, predicting the degradation in PNC properties and expected life.
The performance of the proposed model is assessed by comparison with the related
experimental results, and its advantages over other thermal conductivity methods are
demonstrated. Pertinent mathematical, physical and engineering background is also
provided to give the reader a broad perspective on the established model, and on the
critical parameters that affect the thermal conductivity of polymer nanocomposites.
The objective of this work is to establish a synthesis of the probabilistic analysis of the
thermal behavior and the homogenization techniques. It aims to address the problem of
thermal conductivity of randomly distributed and dispersed single walled carbon
nanotube reinforced polymer composites. Regarding the significant advances and
developments in nano technology, particularly in nanotubes and nanocomposites, a
broader use of such statistical based models due to their ease of applicability is
anticipated in engineering.
51.2. Overview
The development of the proposed probabilistic multi-scale approach to the thermal
problem at hand is described in detail in this dissertation that comprises nine chapters and
five appendices.
Chapter 1 provides an introduction and underlines the motivation and the objectives of
the work undertaken. The organization of the dissertation and the summary of the topics
discussed in each chapter are also included.
Chapter 2 presents the necessary background on the carbon nanotube reinforced polymer
composites by extensive literature survey. First, the carbon nanotubes (CNTs) are
introduced by appropriately defining their atomic structure, formation, production and
their properties. Next, the use of nanotubes as reinforcements in polymer composites is
discussed by experimental studies as well as numerical and analytical modeling
techniques for predicting the thermal conductivity of polymer nanocomposites (PNCs).
In Chapter 3 the problem of extreme randomness and uncertainty with the existing
polymer nanocomposites is identified by the demonstration of actual images and
statistical studies. Definitions of distribution and dispersion are plainly established. It is
clearly presented that the PNCs are intrinsically heterogeneous due to quality pertinent to
the random distribution and poor dispersion of the CNTs. Initial stage of the proposed
MCFEA is also developed in this chapter by defining the material volume element which
6is a representative unit cell. Due to the high randomness in the structure, each discretized
material region contains different nanotube volume content. In this regard, a statistical
representation of the volume fraction of the nanotubes mixed in polymers is established.
Actual images of PNCs are provided, quantifying the length and diameter distributions of
CNTs. Formulations are developed to regenerate the statistical information obtained from
the images.
Chapter 4 provides the theoretical and analytical details to develop the homogenization
techniques in accordance with the physics of the problem. Homogenization is performed
locally for a given material region with certain nanotube volume content. Primary
technique described only estimates the thermal conductivity of a single inclusion in
matrix, which is then enhanced to an extent that enables the technique to model multiple
inclusions in the matrix. This homogenization technique is effectively known as the
Hatta-Taya method. Formulations are derived for composites reinforced with misoriented
inclusions. Parameters used in homogenization of a heterogeneous material region are
introduced. Eventually, the thermal conductivity value calculated locally by this
technique is fed into the finite element scheme.
A novel finite element approach is introduced to simulate the thermal conductivity of a
polymer nanocomposite. The PNC is discretized into a number of finite elements (FEs)
vis-à-vis material region (MR). Each element assumes a different nanotube volume
content due to the heterogeneous nature of the composite. The nanotube content in each
MR can be extracted from image analysis. However, since it is practically impossible to
7scan the whole structure, sample MRs are scanned and the CNT content values obtained
are fit by a probability distribution function (PDF). Consequently, the spatial randomness
of the CNTs in a polymer is replicated. The thermal conductivity values for the given
CNT content calculated by the local homogenization technique are fed into the finite
element scheme.
The method also accounts for the uncertainty in size (i.e., length and diameter) and shape
of nanotubes mixed in the polymer, based on their statistical characterization.
Nevertheless, an adequate number of image analyses are required to obtain reliable
results. Due to the limitation in performing such analysis, the proposed MCFEA employs
various probability distribution functions (PDFs) to generate nanotube volume fraction
values. CNT content values are numerically generated and fed into each finite element.
Subsequently, a Monte Carlo simulation is carried out in conjunction with the finite
element analysis which yields estimates for the effective thermal conductivity of PNCs. It
is noted that adopting specific PDFs does not limit the applicability of the proposed
approach; it simply illustrates its versatility.
In Chapter 5, the dispersion of nanotubes in the polymer is characterized by applying two
distinct multi-phase homogenization methods in the local level. The need for a multi-
phase method arises with the introduction of the agglomerates; as such the material
region now comprises individual SWCNTs, spherical nanotube agglomerates, and the
polymer matrix. However, the original technique is only for two-phase composites;
matrix and reinforcing constituent. First, a hybrid approach is followed. The original two-
8phase technique is used to calculate the thermal conductivity of matrix and individual
SWCNTs forming a hybrid matrix. Then, the agglomerates are added into this hybrid
matrix, and the local thermal conductivity is computed similarly. A second approach,
which is adopted by the proposed MCFEA, is a direct multi-phase technique that uses
each constituent as a separate phase. In this regard, the original two-phase
homogenization theory is extended to a multi-phase theory. Rigorous derivation of this
multi-phase approach consisting of randomly oriented inclusions is included in this
chapter. Comparison of these techniques is pursued by several numerical examples. The
influence of the agglomeration parameters on the effective thermal conductivity is also
addressed.
Chapter 6 investigates the effectiveness of the developed MCFEA to the thermal problem
at hand by comparison to the pertinent experimental findings. Proper assumptions are
utilized for the agglomeration parameters in accord with the experimental information.
The effectiveness and robustness of the proposed approach are also demonstrated by
comparison with various models. The versatility of the MCFEA is further shown with the
incorporation of the voids/cracks into the polymer matrix. Consecutively, the impact of
interfacial thermal resistance between the carbon nanotubes and the polymer is
characterized in reference to relevant experimental studies. Finally, in the interest of
engineering design and application, PNCs with longitudinally aligned SWCNTs are
modeled. To assess the influence of the nanotube orientation, simulation results are
compared to that of the previously built randomly oriented SWCNT composites and the
Hatta-Taya method.
9In Chapter 7, an attempt is made to further understand the effects of voids present in a
nanotube reinforced composite in temperature cycling. The intent is to simulate actual
operating conditions. Presence of voids causes the PNC properties to deteriorate. The
number of voids within a matrix is known to increase with the number of thermal cycles.
To this end, progression of void volume fraction is modeled with a Weibull equation
based approach. The model takes into account the strain energy density, stress and elastic
modulus of the composite. The effective elastic modulus and coefficient of thermal
expansion of the PNC are obtained by the well known Mori-Tanaka method. The Hatta-
Taya method is employed to compute the effective thermal conductivity. Degradation of
the PNC properties and the consequent PNC life are estimated. Pertinent theoretical and
analytical background is established. A comprehensive parametric study is performed and
the numerical results are presented.
In Chapter 8, concluding remarks along with potential future extensions of the proposed
Monte Carlo Finite Element Approach are provided.
Appendices A to D give the detailed plots of the computed PNC property degradations
and appendix E summarizes the Hatta-Taya method.
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Chapter 2
2. Carbon Nanotubes as Reinforcing
Fillers
2.1. Carbon Nanotubes
2.1.1. Introduction
Carbon is an extraordinary element in nature, a fundamental component of the living
systems. It has a great capability of bonding with other atoms as well as with itself, and
forming multiple bonds. These remarkable properties of carbon make it exist in the
vicinity of ten million different compounds. Carbon also has the capability of forming
long chains through carbon-carbon bonds which are among the strongest and the most
stable bonds in nature.
There are several allotropes of carbon such as graphite, diamond, or fullerene. Fullerenes
are lately-discovered class of carbon molecules which have closed cage-like carbon
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structures composed of hexagonal and/or pentagonal faces connected by sp2 bonds. They
can be in spherical, ellipsoidal or tubular shapes i.e. buckyball or nanotube. Figure 2-1
shows various allotropes of carbon.
Figure 2-1. Various allotropes of carbon: a) Diamond, b) Graphite, c) Lonsdaleite, d) Buckyball (C60), e)
C540, f) C70, g) Amorphous carbon, h) Single-walled carbon nanotube.
Buckyball has a spherical shape and is one of the most famous in the fullerene family.
The atoms of carbon come together in a way that they form in 12 pentagons and 20
hexagons (Figure 2-1-d). The buckyball (C60) was discovered by Kroto, Curl, Smalley
and their co-workers at Rice University in 1985 [1]. The shape of the buckyball (C60)
resembles that of a soccer ball. On the other hand, spherical fullerenes can range from a
structure with 20 carbon atoms (C20) [2] to 960 carbon atoms (C960)[3].
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Another member of the fullerene family is the carbon nanotube (CNT) (Figure 2-1-h).
Unlike buckyballs, nanotubes have cylindrical shapes, with ends typically capped with a
hemisphere of fullerene molecule. They can be envisioned as seamless cylinders made of
rolled-up graphite planes.
Figure 2-2. The roll-up of graphene sheet to form single-walled carbon nanotube.
The discovery of carbon nanotubes by Iijima [4] in 1991 initiated a huge number of
research activities in various areas of science and engineering. Scientists observed that
the carbon nanotubes possess unique physical and chemical properties. Their astonishing
mechanical, thermal, and electrical properties have made nanotubes exceedingly
attractive for a wide range of applications. Several of these applications can be listed as
reinforcing of polymers and structures [5], [6]; thermal conductors [7], [8]; field emitters
[9], [10]; hydrogen storage [11]; quantum wires; and semi-conductors [12], [13].
While researchers try to utilize the CNTs in optimal and feasible ways, one field among
the aforementioned applications appears more promising. Carbon nanotubes are known to
possess high aspect ratios (length/diameter); lengths of macro scales (in microns) [14];
densities as low as 1.3g/cm3; and extraordinary thermal conductivities as high as 6600
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W/mK even at room temperature, which is more than two times of that of isotopically
pure diamond [7].
Due to these exceptional physical properties, CNTs are ideal candidates as ultimate
thermal reinforcing fillers for advanced composite materials. The varieties, structure,
properties, production and the area of use of CNTs as reinforcements in composites are
discussed in the following sections.
2.1.2. Structure and Synthesis
Atomic Structure
Basically there are two types of carbon nanotubes; single-walled carbon nanotubes
(SWCNTs), and multi-walled carbon nanotubes (MWCNTs) (Figure 2-3). SWCNTs can
be considered as a single layer of graphene rolled-up to form a seamless cylinder.
MWCNTs are coaxial assembly of such cylinders, one inside the other. The distance
between each tube in MWCNT (~0.36nm) is similar to that in graphite layers (0.335nm)
[15], [4]. However it has been reported that this interlayer distance varies between 0.342
and 0.375 nm due to the curvature and the number of layers of the MWCNT [16].
Transmission electron microscope (TEM) images of a SWCNT and a MWCNT are
shown in Figure 2-4.
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Figure 2-3. Molecular structures of a) single-walled carbon nanotube, b) multi-walled carbon nanotube.
Figure 2-4. Transmission Electron Microscopy (TEM) images of single-walled and multi-walled carbon
nanotubes.
The atomic structure of a carbon nanotube is similar to that of graphene sheet which only
consists of sp2 bonds (Figure 2-5). Naturally this sp2 orbital hybridization is composed of
one s-orbital and two p-orbitals which produces 3 sp2 hybrids [17]. These strong covalent
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bonds are also called as σ-bonds which give the CNTs exceptional mechanical properties. 
The geometry of an sp2 hybridized atom is trigonal planar, each bond is at 120° to each
other within a plane. This structural feature makes carbon atoms form hexagonal shapes.
Since carbon 4 vacant electrons, after forming 3 σ-bonds, the left one electron in the p-
orbital can form an out-of-plane bond called π-bond (Figure 2-5). The π-bond contributes 
to the interaction between the layers of MWCNTs, between the CNTs in a CNT bundle,
and to the conductivity of SWCNTs.
Figure 2-5. Left – sp2 having a trigonal planar symmetry. Right – The atomic structure of graphite.
Single-walled carbon nanotubes (SWCNTs) have diameters in the vicinity of 1.4 nm [18],
[19] and aspect ratios that can reach to 10,000 [20]. However, all SWCNTs are not the
same. Depending on how the graphene sheet is rolled up, there are three types of
nanotubes possible. This can be visualized as the “twist” of the tube and this spiral
conformation called “chirality” is characterized by the chiral vector (Figure 2-6). The
chiral vector, Ch, is defined by Ch = n a1 + m a2 where a1 and a2 are unit vectors in the
two-dimensional honeycomb lattice of graphene, and n and m are integers [21]. The angle
between zigzag line and Ch vector is called chiral angle which is another important
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parameter. The values of n and m determine the structural forms of the nanotubes. If m =
0, which makes the chiral angle 0°, the nanotube is called “Zigzag” type. “Armchair”
type nanotube is formed when n = m, chiral angle is 30°. If the chiral angle is between 0°
and 30°, for the other values of n and m, the nanotubes are called “Chiral”. The vector T
in Figure 2-6 shows the nanotube direction, which is perpendicular to chiral vector; Ch.
The chirality of SWCNTs is important as their thermal, electrical, and mechanical
behaviors [22], [23]. Further, a SWCNT is considered to be metallic when (n – m)/3 is
integer, otherwise it is semi-conducting. Therefore, all armchair nanotubes are metallic,
so are the one-third of other possible nanotube forms.
Figure 2-6. Schematic representation of a carbon nanotube described as a graphene sheet. The nanotubes
are formed by rolling the sheet in the direction of the chiral vector Ch defined by the unit vectors a1 and a2.
T vector denotes the nanotube axis.
It is know that the properties of the carbon nanotubes are extremely sensitive to their
structure, size, and defect density. The influence of these parameters are extensively
discussed and analyzed in the following chapters of this dissertation. Therefore,
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controlling the quality of such parameters in the production of SWCNTs is an important
research target. Additionally, the mass production is important in terms of widespread use
and application of SWCNTs. A brief review of the production processes of SWCNTs is
presented below, including electric arc discharge, laser ablation and chemical vapor
deposition.
Electric Arc Discharge
The arc discharge method is one of the widely used methods in SWCNT synthesis. An
electric current is applied across two carbon-rich electrodes in an inert gas atmosphere.
The method is also called plasma arcing. A potential difference of 20-25 V creating a
direct current of 50 to 100 A is applied between the electrodes. It results in a very high
temperature, capable of vaporizing the surface of one of the carbon electrodes. The
detached carbon atoms are then deposited on the other electrode forming a nanotube [24]
(Figure 2-7). Quality of the CNT highly depends on the uniformity of the electric arc and
the temperature.
Metal catalysts are also added in the SWCNT production where the carbon atoms diffuse
on the catalyst particles. Iijima and Ichihashi [25] first reported SWCNT production
using iron (Fe) as catalyst. Bethune et al. managed to obtain individual SWCNTs using
cobalt (Co) doped electrode [26]. In addition, high purity SWCNTs can be produced in
large quantities using metals nickel (Ni) and yttrium (Y) [27], [28].
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During the process, an isolated environment must be sustained. Hence, the chamber is
filled with gases such as He, H2, N2, CH4 and Ar, or their mixtures. Depending on the
procedures and the type of the gases used, the pressure of the chamber also varies [29–
31]. This method is not too costly to produce mass amount of SWCNTs. However, the
tubes can have structural defects. By-products such as metal particles, fullerenes and
amorphous carbon are formed during the process. The nanotubes tend to be short with
random sizes and entangles.
Figure 2-7. Schematic diagram of an arc-discharge apparatus [24].
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Laser Ablation
Laser ablation simply refers to the process of removing material from a solid surface by
irradiation with a laser beam. The material is heated by the absorbed laser energy, which
sublimates at low laser flux, or is converted to plasma at high laser flux. The material can
be heated by a pulsed or a continuous wave laser. Computerized setups can be employed
for automated operations.
The laser ablation technique was first reported in the production of SWCNTs in 1995 by
Guo et al. in Smalley’s group at Rice University [32]. A laser is sent on a target
consisting of a mixture of graphite and Co-Ni catalyst in an oven at approximately 1200
°C. As the laser vaporizes the carbon electrode, the pure carbon vapor condenses and
forms carbon nanotubes. Argon gas is pumped along the direction of the laser point to
carry the CNTs onto a cooled collector (Figure 2-8). The nanotube diameter is thought to
be controlled by the size of the metal catalyst [33].
While the MWCNTs are synthesized with pure graphite electrodes, metals catalysts must
be mixed into the electrodes for the SWCNTs. These metals can consist of elements such
as cobalt (Co), nickel (Ni), copper (Cu), niobium (Nb), platinum (Pt) or their
combinations. Compared to the electric arc discharge, relatively better quality and purity
can be achieved by laser ablation technique [34]. However, the effectiveness of this
method is questionable due to expensive equipment and slower synthesis speed.
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Figure 2-8. Schematics of a laser ablation set-up (Reproduced from [35]).
Chemical Vapor Deposition
Rather large scale of SWCNTs can be produced by chemical vapor deposition (CVD)
technique [36], [37]. First, a substrate is coated with metal catalysts such as Ni, Co, Fe or
their combination. A carbon source in gas phase is passed over the substrate in a carrier
gas, e.g., ammonia, nitrogen or hydrogen. The carbon-containing gas can be methane,
ethylene, acetylene, benzene or carbon monoxide. An energy source, such as plasma or a
resistance heater, heats up the system. This leads the carbon-rich gas to be broken into its
atoms. Then the carbon diffuses towards the surface of substrate, forming nanotubes at
the tip of the catalyst particles (Figure 2-9).
The diameter of the carbon nanotubes is dependent on the size of the metal catalyst. The
relation between the catalyst particle and the substrate determines if the particle stays at
the tip or remains at the bottom of the nanotube. Unlike the other methods, metal
catalysts are always included in the synthesis of both SWCNTs and MWCNTs.
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Moreover, an electric field can be applied during the growth process so as to obtain
aligned CNTs perpendicular to the substrate [38], [39].
At Rice University, Richard Smalley’s research group developed a novel approach to
produce highly-pure SWCNTs at a very large scale (kilogram per day) [40], [41]. The
SWCNTs are synthesized by flowing high-pressure carbon monoxide (CO), mixed with a
gaseous catalyst precursor (Fe(CO)5), through a heated reactor. During the process, CO
reacts with metal particles to form carbon dioxide (CO2) and carbon atoms, which then
bonds together to from carbon nanotubes. The grouped named this method the ‘HiPco’
process. The method can yield almost pure SWCNTs as small as 0.7 nm in diameter [42].
Purity and diameter of the nanotubes can be controlled by adjusting the pressure and
temperature.
Figure 2-9. Schematics of a CVD deposition oven.
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2.1.3. Properties
Electrical Properties
SWCNTs are remarkably powerful candidates as one-dimensional systems, due to their
small diameters and their high aspect ratios. Their electric properties vary depending on
their structure and dimensions. Chirality determines if the nanotube is metallic or
semiconducting. Metallic SWCNTs are considered to be one-dimensional carriers as they
do not allow electron scattering unlike their bulk metal counterparts. They are also called
ballistic conductors since the electrons in transit do not scatter with too many phonons.
With this reduced scattering rate, heat generation within a metallic SWCNT is
considerably low. Such phenomenon, in theory, may lead the SWCNTs to possess high
current density values of 1E6-1E7 A/mm2 [43], [44]. This is orders of magnitude larger
than the current densities found in existing bulk metals [45]. Conversely, a number of
sources of scattering have been identified due to physical bends and defects in the
SWCNTs [46].
Semi-conducting single walled carbon nanotubes are of special interest due to their
capability to be used as critical components in electronic devices. This ability is attributed
to the change in their electrical resistivity with temperature change [47]. Their other
advantages are reduced heat output and higher frequency operations which can lead to
devices with higher precision. Furthermore, by controlling the chirality, customized
SWCNTs can be produced specific to the need. Several examples of such nano scale
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electronic applications can be named as high-speed field effect transistors, and chemical
or biochemical sensors [48], [49].
Thermal Properties
Potential application of carbon nanotube based devices, such as chips, diodes, field-effect
transistors and elementary logic circuits, depends on the efficiency of the heat removal
from the active section of the device [50], [49]. As thermal conductivity reflects the
ability of a material to transfer heat, it is a key factor for heat dissipation. The in-plane
thermal conductivity of graphite is very high (~2000 W/mK), twice that of diamond
(~1000 W/mK).
Conversely, the out-of-plane thermal conductivity of graphite is, as one might expect,
quite low due to the weakly bound layers, which are attracted to each other only by van
der Waals forces [51], [52]. Contribution to a finite in-plane thermal conductivity in
graphite at low temperature (<140 K) is thought to be phonon scattering from the edges
of the finite crystallites. Even in highly oriented pyrolytic graphite (HOPG), the in-plane
coherence length (where wave interference is strong) is typically less than 100 nm. At
low temperatures, the phonon free path is controlled mainly by boundary scattering and at
temperatures above 140 K, phonon-phonon (umklapp processes) dominates [53],[54].
Transmission electron microscopy (TEM) images suggest that defect-free tubes exist with
lengths exceeding several microns, which is significantly longer than the typical
crystallite length present in graphite. Hence, it is expected that the axial thermal
conductivity of carbon nanotubes may be higher than graphite and diamond.
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Another aspect of thermal management of structures or devices is the coefficient of
thermal expansion (CTE), which relates the change in temperature to change in their
dimensions. Therefore, it is important to control the thermal stress that rises from the
difference in temperature during operations of such devices. With their low to negative
CTE values similar to graphene, carbon nanotubes can be combined with other material
such as polymers to tailor thermal expansion to specific needs. This negative expansion is
attributed to the increased polyhedral libration of molecules by higher temperature. That
leads to effective bond shortening which, in turn, results in negative thermal expansion.
The potential of carbon nanotubes has driven researches and scientists to delve into
discovering their thermal properties, such as thermal conductivity and coefficient of
thermal expansion. It is, nevertheless, challenging to quantify the properties of an isolated
nanotube, while the measured and theoretical values are widely disputed.
Molecular dynamic simulations were performed by Berber et al. [7] to determine the
thermal conductivity of single walled carbon nanotubes. Their results suggest an
exceptionally high value of 6600 W/mK for an isolated SWCNT at room temperature.
Their calculations also show unusually high value of 37000 W/mK at 100K. This value is
quite close to the highest value observed in any solid, which is 12C diamond crystal at
104K with 41000 W/mK [55]. Lastly, Berber et al. [7] also reported that the thermal
conductivity has a highly non-linear temperature dependence. These results show that the
thermal conductivity of an isolated SWNT increases with the increase in temperature at
low temperatures, and shows a peaking behavior at 100 K before falling off at higher
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temperatures. The authors believed that the temperature dependence on the SWNT
thermal conductivity is attributed to two scattering processes. At low temperatures, the
thermal transport in SWNTs occurs by phonon-boundary scattering. As temperature
increases, phonon-phonon (umklapp) scattering becomes dominant in heat transfer.
Che and his co-workers [56] used empirical inter-atomic interaction in their numerical
calculations. Their molecular dynamic simulations estimated the thermal conductivity of
a SWCNT in the vicinity of 3000 W/mK. However, they reported that any natural defects
or vacancies present in the nanotubes lead to drastic drops in the values. Even notably
low defect percentages, as low as one-thousandth (1/1000), may halve the thermal
conductivity values.
Experiments were carried out by Pop et al. [57]. The thermal properties of a suspended
metallic single-wall carbon nanotube (SWNT) are extracted from its high-bias (I-V)
electrical characteristics over the 300–800 K temperature range, achieved by Joule self-
heating. The thermal conductance is found to be approximately 2.4 10-9 W/K and the
thermal conductivity is nearly 3500 W/mK at room temperature for a SWCNT of length
2.6 μm and diameter 1.7 nm. 
Kim et al. [58] designed micro-device to measure thermal conductance of SWNT
bundles. They found that 10 nm and 200 nm diameter bundles have thermal conductance
about 300 and 3000 W/mK, respectively.
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J. Hone [59] studied the thermal conductivity of loosely packed, tangled single wall
carbon nanotube mats in the temperature range from 8K to 300 K. Their results show that
the thermal conductivity behavior is nearly linear in this range, in contrast to that of
graphite and carbon fiber, which shows the dependence on square of the temperature. The
thermal conductivity of densely packed bulk sample is approximately 35 W/mK at room
temperature. This extremely low value is attributed to high entanglement and bundles.
Since the theoretical estimates for an individual SWNT could be as high as 6000 W/m-k
at the room temperature, a further attempt was made by Hone et al. [60]. Specifically,
SWCNTs were aligned applying high magnetic field. They observed linear conductivity
variation with temperature, leading values of greater than 200 W/mK at room
temperature.
Kordas et al. [50] demonstrated efficient cooling of a silicon chip using micro-fin
structures made of aligned carbon nanotubes. They showed that up to 20% enhancement
in heat dissipation is achievable with the superior thermal conductivity of CNTs,
compared to other materials such as finned copper structures.
Moreover, thermal conductivity of CNTs is found to be diameter dependent. Fujii et al.
[61] investigated the effect of diameter by measuring thermal conductivities of SWCNTs
with 3 different diameters of 9.8nm, 16.1nm and 28.2nm. Their measurements showed
inverse linear relationship with diameter. While the smallest diameter nanotube has an
average conductivity of 2500 W/mK, the largest one has 500 W/mK.
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The coefficient of thermal expansion of SWCNTs has also been investigated by the
researches. Yosida [62] used X-ray diffraction techniques to measure the thermal
expansion of an SWCNT bundle. He monitored the lattice constant of a close-packed
trigonal arrangement of the nanotubes in the bundle over a temperature range from 290 to
1600 K. Shrinkage over the entire temperature range is observed and the CTE is
estimated to be around -1.5x10-6 K-1 at 300 K and -2.5 x10-6 K-1 at 1300 K. Maniwa and
his co-workers [63] also performed X-ray diffraction study to determine the CTE of
SWCNT bundles. The results revealed the axial CTE value of (-1.5 ± 2)x10-6 K-1 over a
temperature range of 300-950 K, which is comparable to that of graphite. This very low
CTE value is considered to be due to the strong in-plane C-C bonds in nanotubes.
Molecular dynamic simulations were carried out by Kwon et al. [64]. They studied the
thermal contraction of carbon fullerenes and nanotubes with their temperature
dependence and length variations. Their results showed contraction up to 800 K, with the
minimum value of -12x10-6 K-1 computed at 400 K.
Another study employed an analytical model to determine the CTE of SWCNTs. The
method developed by Jiang et al. [65] uses the inter-atomic potential and the local
harmonic model. Their findings show negative CTE values at low and room
temperatures, but positive at higher temperatures. That is -0.4x10-6 K-1 at 270 K and 3x10-
6 K-1 at 1200 K. Diameter dependence was also observed to the effect that CTE decreases
as the diameter increases from positive to negative values.
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Mechanical Properties
In the design and engineering of new generation composites, specifically PNCs, it is
important to understand the properties of carbon nanotubes. Due to the strong carbon-
carbon bonds present in graphene, they have superior properties in terms of stiffness and
strength. In analogy with graphite, it is expected that the CNTs have also similar
mechanical behaviors. Measurements show that graphene has an in-plane elastic modulus
of 1.06 TPa and a tensile strength of 20 GPa [66], [67].
A brief literature review is presented here on the mechanical properties of carbon
nanotubes obtained by analytical and numerical simulations as well as experimental
measurements. Determining the mechanical properties experimentally has been a great
challenge for scientists. Part of these difficulties arises from handling of the CNTs due to
their nanoscale dimensions and the lack of measurement techniques. Inaccuracy in the
obtained data and the uncertainty in the test specimens may also cause discrepancy in the
reported experimental values.
First experimental results came from Treacy et al. [68], who observed the amplitude of
the thermal vibration of MWCNT continuous beams in transmission electron microscope
(TEM). They calculated the Young’s moduli of 0.40-4.15 TPa with a mean of 1.8 TPa
out of 11 MWCNTs. Applying the same technique, Krishnan et al. [69] measured the
elastic moduli (EM) of SWCNTs between 0.9 and 1.7 TPa based on 27 samples. Salvetat
et al. [70] obtained an EM of 1 TPa by bending a SWCNT clamped at both ends with an
atomic force microscope (AFM) tip. Yu et al. [71] measured an individual SWCNT
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bundle performing direct tensile testing. The predicted elastic moduli range from 0.32 to
1.47 TPa with a mean 1.002 TPa for SWCNTs. Lourie et al. [72] observed cooling-
induced vibration responses of SWCNTs via micro-Raman spectroscopy. The Young’s
moduli obtained were from 2.8 to 3.6 TPa.
At this point, the elastic modulus of MWCNTs may be mentioned for comparison
purposes. Wong et al. [73] applied a direct measurement method to an individual
MWCNT using a cantilevered beam model. They used atomic force microscope (AFM)
to measure the Young’s modulus of 1.28±0.59 TPa. Similarly, Yu et al. [74] determined
the EM between 0.27 and 0.95 TPa for MWCNTs. Salvetat et al. [75] obtained the
moduli of a MWCNT as 0.81±0.41 TPa.
The strength of nanotubes is also a critical element in engineering applications as they are
used as reinforcing agents. The nanotubes must be able to withstand the local stresses
generated within a composite. To that extent, various efforts have been made. Yu et al.
[74] measured the tensile strengths of individual MWCNTs ranging from 11 to 63 GPa.
Testing of 19 MWCNTs revealed that fractures occur in the outer layer at strains up to
12%. The same research group [71] also reported the strength of SWCNTs between 13
and 52 GPa with a maximum strain of 5.3%. Walters and his co-workers [76] determined
the tensile strength of SWCNTs by means of AFM measurements and an average value
of 45 GPa is obtained.
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These difficulties and uncertainties in the experimental observations have driven
scientists to develop alternative numerical and analytical methods. Numerous efforts have
been made in the pursuit of characterizing the mechanical properties. These methods,
nonetheless, show large inconsistencies as well.
Lu [77] investigated the elastic properties using empirical force-constant model and
found the modulus in the vicinity of 1 TPa. Yao and Lordi [78] used molecular dynamic
(MD) simulations to calculate the EM of nearly 1 TPa from the thermal vibration
frequencies of a SWCNT clamped at one end. Jin and Yuan [79] predicted the effective
EM of SWCNTs using MD simulations with force and energy approaches. Their
computed values are 1.24 TPa and 1.35 TPa, respectively. Zhang et al. [80] developed a
modified potential model and also reported an average EM value of 1 TPa, for the wall
thickness (h) of 0.34 nm. Yakobson et al. [81] used MD simulations to compute the EM
of a SWCNT as 5.5 TPa, with h=0.066 nm. Seidel and Lagoudas [82] utilized composite
cylinder micromechanics technique and obtained effective elastic properties with the EM
being around 0.7 TPa. Li and Chou [83] used structural mechanics approach with
stiffness matrix method and evaluated the EM ranging from 0.89 to 1.033 TPa with
h=0.34 nm. To [84] presented a finite element analysis (FEM) solution computing the
elastic modulus and shear modulus as 1.024 TPa and 0.47 TPa respectively. Meo and
Rossi [85] predicted nearly 0.9 TPa EM by molecular-mechanics based finite element
modeling using nonlinear and torsional springs. Giannopoulos et al. [86] evaluated the
effective EM of SWCNTs using a spring based finite element approach, ranging from
1.08 to 1.32 TPa.
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Variety of numerical studies was conducted to estimate the strength of carbon nanotubes.
Yakobson and Avouris [87] investigated the tensile strength of SWCNTs via MD
simulations, yielding a value of 150 GPa with a strain of 30%. Srivastava et al. [88] also
used the MD method to observe the fracture mechanics of nanotubes. SWCNTs were
subjected to compressive strain up to 12%, resulting in stresses up to 150 GPa.
Belytschko et al. [89] showed SWCNT strengths ranging from 93.5 to 112 GPa can be
achieved at 16.5% average strain. Their MD simulations take into account the effect of
chirality.
2.2. Thermal Conductivity of Polymer Nanocomposites
Due to their exceptional thermal properties, carbon nanotubes (CNTs) are one of the most
promising fibers for enhancing the properties of advanced composite materials. Although
many groups have studied polymer nanocomposite (PNC) materials for their mechanical
properties, their possible thermal properties have only recently attracted attention.
Notably high thermal conductivity of CNTs, coupled with their unique structure, make
them useful for a number of thermal management applications, such as heat sinking of
silicon processors, and increasing the thermal conductivity of plastics in such areas as
housing for electric motors. The applications range from sensors, nanobearings and
nanoprobes to field emission displays, energy storage, energy conversion devices and
heat removal devices [90], [50], [49].
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Polymer composites are rather easy to manufacture in comparison to their metal, ceramic,
or carbon matrix counterparts [91]. The ease at which the polymer composites are
manufactured stems from their low melting temperature. Although this characteristic
gives them a great advantage for manufacturing, it limits the applications of polymer
composites. Polymer used in these composites can either be thermosetting or
thermoplastic polymer. Thermoplastics (e.g., polyethylene) are easier to manufacture
than thermosets as a result of their ability to have higher ductility or withstand high
temperatures. Thermoset polymers (e.g., epoxy) are widely used as a polymer matrix
because of their good mechanical properties, corrosion resistance, adhesion properties,
and relatively inexpensive material cost. Epoxies are unique polymers because their low
molecular weight prior to curing leads to high molecular mobility. This high molecular
mobility quickly and easily wets a filler material. Epoxy composites are widely used in
conjunction with carbon fillers [92].
2.2.1. Experimental Studies
Numerous experimental studies have been carried out to determine the thermal
conductivity of single-walled carbon nanotube (SWCNT) reinforced polymer composites.
Haggenmueller et al. [93] measured the thermal conductivity of PNCs using two kinds of
polymers; low-density (0.26 W/mK) and high-density (0.5 W/mK) polyethylene in the
presence of SWCNTs. SWCNT-composites prepared with up to 30% in weight (wt %)
were tested, and a relative increase of 600% was observed for both polymers. 55%
enhancement in thermal conductivity was achieved by Bonnet et al. [94] for 7.3%
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SWCNT loading in volume. Yu et al. [95] sought the difference between raw and purified
SWCNTs added to epoxy resin in order to observe the effect of quality of dispersion.
They concluded that purified nanotubes were much more dispersible in epoxy, while raw
ones caused a significant raise in the viscosity of the polymer. In case of 9 wt % SWCNT
loading, the improvement almost quintupled.
A unique approach was followed by Du et al. [96] in the fabrication of the PNC by
creating a heterogeneous distribution of SWCNT, specifically an interconnected
SWCNT-rich phase in epoxy. They compared the thermal conductivity of this new PNC
to that of SWCNT-PMMA composite. Even though they observed conductivity
approximately 3.5 times of the matrix for 2.3 wt %, their study was not comprehensive.
Merely single weight fraction value was presented which does not provide thorough
understanding of the method. Xu et al. [97] also used a novel technique by mixing
unpurified SWCNTs in a PVDF matrix in powder form. They could attain quite high
nanotube volume fraction of 50% but with only a slight increase in thermal conductivity
of 230% at 50 °C.
High conductive silicone elastomer (1.1 W/mK) was used as the matrix with the presence
of carbon nanotubes by Liu et al [98]. Relatively good nanotube dispersion in the matrix
was claimed based on scanning electron microscope (SEM) studies and 65%
enhancement was observed with 3.8 wt % CNT loading at 45 °C. Thermal conductivity
of MWCNT-Epoxy composites was studied by Song and Youn [99]. Samples loaded up
to 1.5 wt % purified and unpurified CNTs showed maximum conductivity of 0.26 W/mK
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and 0.18 W/mK, respectively (Kepoxy ≈ 0.12 W/mK). This showed that purified nanotubes 
have better dispersion in the resin resulting in higher thermal conductivity of the PNC.
All studies concluded that carbon nanotubes improve the thermal conductivity of the
polymer, even when they are introduced at very small amounts without a percolation
threshold, below which CNTs have no contribution vis-à-vis electrical conductivity. It
increases as the CNT loading increases. However considering the SWCNTs’ outstanding
thermal properties (up to 3000 W/mK), the improvement in the thermal conductivity of
the PNCs is moderate. There are several factors and parameters pertinent to these
unexpectedly small increases in the thermal properties.
Carbon nanotubes may contain large quantities of defects depending on the synthesis
methods. This means that their structure is far from the ideal rolled up hexagonal lattice.
Their physical properties thus suffer from the presence of defects with thermal, electronic
and mechanical properties deviating significantly from those expected for pristine
nanotubes. Another problem is the level of nanotube purification, which relates to the
large-scale synthesis of carbon nanotubes, limiting vastly their application. The as-
produced (raw) SWCNT soot contains impurities to a significant degree. The main
impurities in the soot are graphite (wrapped up) sheets, amorphous carbon, metal catalyst,
and the smaller fullerenes. These impurities interfere with most of the desired properties
of the SWCNTs, as described by Yu et al. [95].
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It should also be pointed out that pristine, isolated SWCNTs can rarely be spotted in
scanning electron microscope (SEM) images. Due to their great flexibility, high surface
energy and as high as 1000 aspect ratios, SWCNT tend to aggregate into large bundles,
agglomerates, and clusters when dispersed in polymers. They contain huge numbers of
both metallic and semi-conducting SWCNT in a random mixture, whose properties are
generally inferior to those of isolated SWCNT [60]. To disperse the CNTs in the polymer
homogeneously, the entanglement of CNTs produced by the synthesis and agglomerates
of the CNTs caused by the intermolecular van der Waals force must be broken. The
aggregation problems have been partially solved by using magnetic stirring [100], melt
mixing [101], [102], and sonication [103], [104] during the CNTs dispersion process. A
detrimental effect of these methods is the reported rupture of the CNTs, caused by the
local energy input, resulting in a reduction of the effective tube length [105].
Size and orientation of SWCNTs in polymers, and, especially, the interfacial properties
between the polymer and the reinforcement filler also have substantial effect in the
overall thermal behavior of PNC. For SWCNTs, size stands for length (L) and diameter
(D), thus aspect ratio (L/D). A fundamental understanding of SWCNT-size influence on
thermal conductivity of PNC is important for the development of more realistic models.
This is due to the fact that carbon nanotube properties are not solely dependent on simple
mean of the size parameters, but the entire nanotube length and diameter distributions.
Thostenson and Chou [106] utilized MWCNT diameter statistical distribution functions,
in conjunction with a micromechanics model to determine the associated elastic
properties. Similar work was performed by Wang et al. [107] which used statistical
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distribution of SWCNT length. In this work, multiple atomic force microscope (AFM)
images were analyzed by using an image recognition software, quantifying 651 SWCNTs
in total. Both studies reported that statistical variation of length and diameter, therefore
aspect ratio, significantly affects the overall elastic properties of PNC. One can expect
analogous behavior for thermal properties as well.
It can be clearly discerned from a recent study on SWCNT-epoxy composites, reported
by Spanos and Esteva [108], [109] that interface imperfection between the matrix and
reinforcement has practically no effect on the Young’s modulus of PNC, especially for
low CNT volume fractions. On the other hand, many researchers have attributed the
unexpectedly low increase in thermal conductivity to interfacial thermal resistance at
CNT-CNT and CNT-matrix interfaces [110], [111]. Huxtable et al. [112] measured the
interface thermal conductance, G (Wm–2K–1) of CNTs suspended in a surfactant in water,
which is the inverse of the thermal resistance, RK (m2K/W). Their findings indicate that
heat transfer in a nanotube composite material is limited by the remarkably small
interface thermal conductance, G ≈ 12 MWm–2K–1, that corresponds to RK = 8.3x10-8
m2K/W, and that the thermal conductivity of the composite is much lower than the value
estimated from the intrinsic thermal conductivity of the nanotubes and their volume
fraction. Wilson et al. [113] reported that magnitude of thermal resistance between
nanoparticles and a variety of matrices ranges from 0.77 x10-8 m2K/W up to 20 x10-8
m2K/W. Furthermore, molecular dynamic simulations show that weak van der Walls
forces acting between the nanotube and the matrix provide poor coupling, and
consequently the interfacial resistance to heat flow is very significant. Thermal resistance
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value of SWCNT-epoxy interface calculated by Bryning et al. [114], ranged from
2.4±1.3x10-9 m2K/W to 2.6±1.3x10-8 m2K/W. Their results are based on the thermal
conductivity measurements for differently processed PNCs. These remarkably high
values of RK lead to effective thermal conductivity of carbon nanotubes varying from as
low as 1 W/mK to as high as 100 W/mK [110].
2.2.2. Modeling Techniques
The thermal conductivity of SWCNT reinforced polymer composites is an important
material property for many applications, but still widely unexplored. However, the
intrinsic complexity of nanostructures evidently makes them fairly challenging to model
realistically. The difficulty is mainly due to the morphology of nanotubes, to their size
and orientation after mixing, to the heterogeneous distribution and bad dispersion of
nanotubes in the matrix, and to CNT-matrix bonding interactions. Carefully developed
realistic modeling techniques are essential for capturing all of these fundamental
parameters.
In this context, it is noted that a few techniques for modeling thermal conductivity of
PNCs have been reported in the literature. Nan et al. [115] modified an approach, first
derived by Hasselman and Johnson [116], including interface thermal resistance by Xue
[117]. Their model takes into account the nanotube length, diameter, concentration and
interfacial thermal resistance, but since it is an averaging method it fails to capture either
CNT distribution or dispersion. Lewis and Nielsen [118] extended the theoretical
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formulation of Hamilton and Crosser [119] for heterogeneous two-phase mixtures
consisting of a continuous (matrix) and a discontinuous (filler) phase. Their method is
capable of incorporating the effect of particle shape, orientation, and distribution
characteristics in the calculation of the thermal conductivity of the composite. Even
thought the ease of use of this method makes it quite preferable, its accuracy is
questionable and it falls short of considering agglomeration and dispersion of the fillers,
which are SWCNTs in the case of PNCs.
Hatta and Taya [120] proposed a homogenization technique for thermal conductivity,
based on Eshelby’s equivalent inclusion method [121]. The method realizes multiple
ellipsoidal inhomogeneities, their interaction, size and orientation with a considerably
good accuracy for the case of regular composites. However, their model is only capable
of incorporating two constituents; matrix and nanotube. Therefore it is a two-phase model
and does not capture the agglomeration, in particular dispersion parameters.
The effect of agglomeration in Young’s modulus of carbon nanotubes in PNC, which is
directly associated with dispersion, was studied by Shi et al. [122]. Their two-parameter
model introduces high CNT-concentrated spherical inclusions as agglomerations in the
matrix which already has well dispersed individual CNTs. They can control the degree of
agglomeration by changing the volume of spheres and their nanotube volume ratio.
However, they define a random distribution for both the spherical inclusions and the
individual CNTs, which accounts for heterogeneous dispersion but not for distribution
characteristic.
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To that extent, Spanos and Kontsos [123] proposed a multi scale stochastic finite element
model to estimate the mechanical properties of PNCs. Based on Eshelby’s two-phase
homogenization model, they developed a hybrid model to account for distribution and
dispersion of SWCNTs in polymers, consisting of matrix, nanotubes and agglomerates.
Due to the limitations of this two-phase model, it fails to capture multi-phase composites,
nevertheless. As a result, the potential of their method in modeling the properties of the
multi-phase nanocomposites is questionable. The accuracy of their model is discussed
later in Chapter 5.
There has been no work performed unifying these methods for solving this
inhomogeneity problem in steady state heat conduction. In this dissertation, an attempt is
made to determine the thermal conductivity of polymer nanocomposites (PNCs) that
comprise polymer matrices reinforced with single-walled carbon nanotubes (SWCNTs).
Monte Carlo simulation based finite elements method is used to capture the spatial
randomness of PNCs, represented by the local nanotube volume/weight fraction as
random variable. Uncertainty of dispersion is incorporated by the level of nanotube
agglomeration as well as their orientation, aspect ratio and diameter. Homogenization is
performed by extending the two-phase Eshelby’s equivalent inclusion method to the
multi-phase. This also facilitates the introduction of voids and impurities, which are
inherently present in composite, into the model. Additionally, the proposed approach
account for the interface thermal resistance between the SWCNT and the polymer.
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Chapter 3
3. Identification of Spatial Randomness in PNCs
Studies reported in the literature provide evidence that the experimentally measured
thermal conductivities of PNCs show unsatisfactory consistency compared to the
analytically and numerically computed ones [95], [97], [124]. These disappointing results
can be attributed to complex nano/micro mechanical characteristics of PNCs, such as
CNT distribution, dispersion, aspect ratio, orientation, agglomeration due to van der
Walls attraction and high aspect ratio, and CNT-matrix interfacial thermal resistance.
The influences of these factors on the thermal conductivity have not been yet thoroughly
understood. In this contest, researches have shown that the thermal properties of polymer
nanocomposites depend largely on uniform distribution and homogeneous dispersion of
individual CNTs in the matrix. This is essentially attributed to the reduced behavior of
the aggregated CNTs compared to the individual CNTs [125], [126]. These aggregations
can also initiate voids or damage sites in PNCs, which cause degradation in their
properties [127]. In addition, this nanoscale spaghetti-like entanglement of nanotubes
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effectively lessens the aspect ratio of the reinforcement [128]. To achieve homogeneous
dispersion of SWCNTs in the polymer is, thus, important, yet not readily achieved. Even
though there exist certain processes for overcoming bad distribution and dispersion
issues, their effectiveness is limited and debatable [99–103].
This dissertation makes an effort to develop a model that can reliably determine the
thermal conductivity of polymer composites containing randomly distributed SWCNTs
with heterogeneous dispersion. A unique feature of the proposed Monte Carlo Finite
Element Approach (MCFEA) lies in the fact that instead of seeking a solution for an ideal
PNC structure vis-à-vis other suggested models in the literature; the actual morphology of
the SWCNTs is taken out of images.
3.1. Definition of Material Volume Element
In addressing the problem of effective (or overall, macroscopic) properties of material
micro-structures, the assumption of the existence of a Representative Volume Element
(RVE) is critical. RVE refers to a sample of the material that structurally has the entire
characteristics of the mixture on the average. In other words, for a periodic nano/micro
structure, the RVE must be a unit cell. Otherwise, it is a statistically representative of the
macro response satisfying statistical homogeneity and ergodicity of the material.
Furthermore, the RVE must contain a sufficient number of inclusions, which insure the
independence of the effective constitutive response (e.g. elastic moduli, thermal
conductivity) on the scale and boundary conditions. Consequently, the RVE must be
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sufficiently large with respect to the length scale of a single heterogeneity, in which the
material appears uniform and the continuum methods of analysis can be applied [129–
131].
In reality, materials are not homogeneous continua but rather heterogeneous and random
media, where there is no periodicity and/or uniformity in their structure. In this case, the
quality of the derived results depends strictly on the size of material region (MR) chosen
as the representative sample of the whole structure. To ensure Hill’s condition [129] in
the case of spatially disordered inclusions having no nano/micro structural periodicity,
the scale of the MR must be significantly larger than the single heterogeneity size to
satisfy homogenization limit, such that
d << L << Lmacro , ( 3-1 )
where d is the characteristic length of a nano/micro scale heterogeneity, L is mesoscale
size of the MR, and Lmacro is macroscale body size, shown in Figure 3-1. As the L/d ratio
becomes significantly large, the selected mesoscale approaches to the RVE size with
deterministic responses. For a finite value of L/d, however, the constitutive response of
the MR shows a non-zero statistical scatter depending on the number, size, shape,
orientation, dispersion and spatial distribution of the inclusion. Therefore, the amount and
the volume of the inclusions in the MR can be considered as stochastic quantities, whose
scatter tends to decrease to zero as the MR size is increased, and in the limit of infinite
sample size, the quantity becomes deterministic.
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Figure 3-1. Length scales in a material with randomly distributed inclusions; size of a macroscopic body
Lmacro, size of an inclusion d, and a mesoscale window L where material properties are calculated [131].
In the proposed MCFEA, the attributes of this material region can be summarized under
two main objectives. First, it is a characteristic sample of the PNC under investigation,
the structural morphology of which is observed and modeled. Second, the selected MR is
the domain where a mathematical formulation can be developed to determine the thermal
conductivity of the polymer nanocomposite.
Advanced microscopy techniques, such as SEM, are utilized to obtain representative
MRs, shown in Figure 3-2. The selected MR is a portion of a cross-section of the actual
macroscopic PNC. The size of the MR is equal to the size of typical microscopic images
of the structures of PNC reported in the literature. Images provide direct information on
morphology, dispersion and distribution of the nanotubes within the representative
sample, which is then introduced in the MCFEA to investigate the thermal conductivity
of polymer nanocomposites. The advantage of the proposed MR over other candidate
volume elements is that it homogenizes the material structure in two different scales: the
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one defined by the sub-element material structure in each finite element (FE), and the
other is specified in the overall MR [132].
Figure 3-2. The proposed material region (MR) for determining thermal conductivity of PNC. The selected
MR corresponds to a portion of a cross-section of the actual PNC and coincides with images obtained by
microscopy techniques. MCFEA is then applied on the MR [132].
3.2. PNC as Heterogeneous Media
Physical properties of materials with heterogeneous microstructure (e.g. particle
reinforced composites) depend on the production and fabrication procedures. Changes in
factors such as orientation and volume fraction of fillers, process temperature, pressure
and time, voids, impurities etc. induce variations in the effective constitutive properties of
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the macroscale material. These scatter and uncertainties in the material structure and
properties are considered to be random. Various actual images of nano/micro material
structures are presented in Figure 3-3, verifying the randomness in geometry, orientation
and distribution of inclusions in the base material. Effective use of reinforced composites
and designing reliable products relies upon an accurate characterization of the inherent
random nature of a heterogeneous nano/micro structure in materials. Therefore, the
necessity of establishing statistical and probabilistic based models is evident. This section
attempts to identify the above mentioned randomness of PNCs on nanoscale, particularly
in polymer matrix filled with single-walled carbon nanotubes.
Figure 3-3. (a) Microscopic picture of Al-SiC composite [133]. (b) Optical microstructure of Al-2Mg alloy
with 2.5 wt % FeCu [134]. (c) SEM image of the composite filled with carbon nanotubes [135].
(a)
(b)
(c)
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Spatial distribution in a polymer is important to utilize the full potential nanotube fillers.
However, it is quite hard to achieve, and highly dependent on fabrication methods.
Examples of such distribution are given in Figure 3-4 and Figure 3-5. The images were
taken by Li and Shimizu [136]. They mixed unmodified MWCNTs with a concentration
of 5 wt % in a thermoplastic elastomer (SBBS). The distribution of the CNTs was
examined by optical microscopy, shown in Figure 3-4. Figure 3-5 shows SEM images of
the fracture surfaces of the composites prepared with various mixing speeds. In both
figures, images (a) and images (b) were produced at 300 rpm and 1000 rpm, respectively.
It is seen that quality of distribution increases with higher mixing speeds.
Figure 3-4. Optical micrographs of MWCNT/SBBS composites, produced at. (a) 300 rpm, (b) 1000 rpm
[136].
Figure 3-5. SEM images of the fracture surfaces of MWCNT/SBBS composite, produced at (a) 300 rpm,
(b) 1000 rpm [136].
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Another challenge towards improving properties of the PNCs is achieving good and
uniform nanotube dispersion. They are naturally insoluble and tend to agglomerate (or to
cluster) together in the hosting matrix [137]. More importantly, they are prone to re-
cluster soon after dispersed [138]. This difficulty can be attributed to various factors. One
of the factors is the interaction between the nanotubes due to strong binding energy, i.e.,
Van der Waals forces, and their high surface areas [139]. In addition, high viscosity of
the nanotube/resin mixture - as a result of nanotube addition – causes poor dispersion
characteristic. It is reported in the literature that only a small amount of nanotube content
in a matrix drastically increases the viscosity of the system [140]. Other aspects of the
nanotube re-agglomeration may be because of the dynamic effects during curing process
of the polymer nanocomposites. These effects can be listed as surface tension of the
matrix [141], random movement of nanotube in the matrix [142], and static electricity of
the nanotubes [143].
This dissertation considers dispersion in the form of nanotube agglomerations. A number
of studies have indicated the presence of these clusters of SWCNT. Figure 3-6 (a)
presents an SEM image of a PNC consisting of individual and agglomerated SWCNTs,
taken by Loos et al. [144]. Seidel and Lagoudas [82] also examined the dispersion
characteristics of the nanotubes. They used transmission electron microscope (TEM) to
capture an image of CNT-polymer composite, shown in Figure 3-6 (b). The image shows
the clustering of SWCNTs in the matrix. In both images, the nanotubes exhibit
moderately good distribution, yet a poor dispersion. Li et al. [128] discovered the
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existence of the SWCNT aggregates on fracture surface of a PNC, loaded with as low as
one percent of nanotubes in weight.
Figure 3-6. (a) Left - SEM image of SWCNTs (bright is individual or aggregate of CNTs) [144]. (b) Right
- TEM image of SWCNTs (Dark regions are CNTs) [82].
Heterogeneity in PNCs and generally in all composites also arises from the way the
inclusions in the matrix are oriented. Their overall properties are vastly dependent on the
nanotube orientation. In design and analysis, it is essential to control the nanotube
orientation to maximize their capacity. While it is relatively effortless to fabricate PNCs
with randomly oriented CNTs, it is rather challenging to produce orientation controlled
PNCs. To that extent, PNCs have been fabricated in the literature with various nanotube
orientations. Such production method has been developed by Park et al. [145]. They
produced SWCNT reinforced polymer composites by high shear alignment. The degree
of the alignment was controlled by the magnitude, frequency and the treatment time of
the applied electric field.
Park et al. initially used optical microscopy for qualitative evaluation of the degree of
alignment. Figure 3-7 (a) shows an optical micrograph of a SWCNT reinforced polymer
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without applying an electric field. Reasonably uniform nanotube distribution is observed
overall with agglomerates in few microns. CNTs are considered to be randomly oriented
with no preferential alignment. On the other hand, a PNC prepared with an electric field
is shown in Figure 3-7 (b). Black dots in the figure are aligned SWCNT agglomerates and
bundles along the electric field direction. Similarly, individual nanotubes are also
believed to be aligned.
Figure 3-7. Optical micrographs of PNCs. (a) PNC cured without an electric field. CNTs are randomly
oriented. (b) PNC cured with electric field. CNTs are aligned along the applied electric field [145].
More detailed micro-structures of the aligned SWCNTs were investigated with a high
resolution scanning electron microscopy (HRSEM). Figure 3-8 (a) and (b) show the
microtomed (cut for examination by microtome) surfaces of the SWCNTs aligned along
the electric field, on different magnification scales. Clustered nanotubes observed in the
images are aligned and are in various sizes. The images also provide evidence that the
CNTs can be distributed in a heterogeneous fashion even if they are aligned.
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Figure 3-8. High resolution scanning electron micrographs of the aligned PNCs surfaces parallel to the
electric field [145].
As much as it is demanding to achieve good nanotube distribution, dispersion and
alignment in polymers, it is almost impossible to reach defect free composites. Therefore,
presence of voids in the final product is an unavoidable fact, causing further
heterogeneity in PNCs. The voids are essentially formed due to the fabrication and
processing induced defects, such as air trapping [146–148]. Existence of such voids
reduces the performance of the overall nanocomposites, e.g. elastic and thermal
properties [149]. The voids within composites can be found in various sizes and shapes
(e.g., ellipsoidal or spherical), in the direction of the applied load or in the direction of
inclusions [150], [151].
Polizos et al. [152] dispersed TiO2 nano-particles in an epoxy matrix at 3% weight
concentration. The images in Figure 3-9 obtained by TEM exposed formation of
nanotube agglomerates as well as existence of micro voids within the epoxy. Voids
within a SWCNT-polymer composite are also observed in the work of Diez-Pascual et al.
[153], shown in Figure 3-10.
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Figure 3-9. TEM images of TiO2-epoxy composites at 3 wt %at various magnifications.
Figure 3-10. SEM image of SWCNT-polymer composite. The arrows show SWCNTs and the circles show
voids.
Moreover, carbon nanotube samples include by-products and foreign particles regardless
of the synthesis methods. Despite application of successful purification processes,
polymer nanocomposites may still contain certain amount of impurities. These impurities
contribute further to uncertainties and cause poor CNT dispersion in PNCs [95], [154].
Several examples of such impurities are named as metal catalyst particles, amorphous
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carbon, buckyballs, and incomplete tubes. In the context of purification, common
methods include thermal oxidation [155], acid treatment [156], ultra-sonication [157],
micro-filtration [158], chromatography [159], and functionalization [160], [161]. These
methods can be used in combination to achieve a higher degree of purification.
Experimentation and characterization of polymer nanocomposites (PNCs) provide
evidence of the existence of heterogeneities in the PNC structure, e.g. SWCNT clusters,
agglomerates, volume fraction, orientation, nano/micro voids and impurities. They induce
certain spatial randomness which has not been taken into account in previous studies for
determining the thermal conductivity of PNCs. The MCFEA developed in this
dissertation aims to model the SWCNT distribution and dispersion in PNCs using
information taken from the actual images of its nanostructure. The statistical data
obtained are used to develop an appropriate random field model which is then
incorporated in a finite element model.
3.3. Characterization of Randomness in PNCs
Successful application of the random field models into the proposed MCFEA depends on
quantification of the spatial randomness in PNCs. In this context, the identification of
SWCNT distribution, dispersion and orientation in polymer is important. Current
fabrication and processing techniques can moderately ensure homogeneous distribution
with almost perfectly randomly oriented SWCNTs [100–104]. However, their
homogeneous dispersion in the polymer matrix is not easily achieved, and its effects on
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the thermal conductivity of PNCs are unknown to a great extent. To simulate reliably the
physical properties of the CNT-filled composites, it is necessary to understand the
influence of CNT dispersion. It is therefore the aim of this dissertation to model the non-
uniform dispersion and distribution of SWCNTs in a polymer nanocomposite using the
data extracted from the actual nanostructure images, which is then used to define
appropriate random field models.
Morphology and characterization studies of SWCNTs in PNCs reveal that the deficiency
in spatial dispersion is caused by clustering, agglomeration, and bundling of SWCNTs
due to their high aspect ratios and surface energies. On the other hand, the degree of
distribution is considered to be solely dependent on the fabrication of PNCs. Analyses of
actual images also exhibit similar visualization. Figure 3-11 (a) is an SEM image of
SWCNTs in epoxy matrix, where the individual and entangled SWCNTs can clearly be
identified, representing both poor distribution and poor dispersion [162]. Figure 3-11 (b)
provides evidence of a good distribution and of a relatively better dispersion; such that
the agglomerations of SWCNTs can, nonetheless, be detected in the polymer. One can
notice the random local volume fractions and concentrations, resulting from the poor
nanotube distribution, along with CNT clustering. Good-poor distribution and dispersion
are represented by the constructed sketches shown in Figure 3-12.
The variations of the SWCNT volume fraction throughout the nanostructure affect the
local material properties, and thus overall thermal behavior of PNCs [99], [163]. The
proposed approach in this dissertation uses statistical information obtained via actual
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images of random material fields. It is then used to generate random values of volume
fraction which are assigned to the finite elements in the material region (MR) selected.
Obviously, it is necessary to quantify this spatial distribution and dispersion of SWCNTs
in the polymer.
Figure 3-11. SEM images of PNC with 1 wt % SWCNT dispersed in epoxy, (a) poor distribution and poor
dispersion, (b) good distribution and poor dispersion [162].
Figure 3-12. (a) Good distribution, good dispersion. (b) Good distribution, poor dispersion. (c) Poor
distribution, good dispersion. (d) Poor distribution, poor dispersion.
55
Several studies have been performed on quantification and characterization of carbon
nanotubes in a matrix. To this end, Ziegler et al. [164] conducted an analysis, identifying
the length and size of over a thousand nanotubes. High quality AFM images were taken
and the nanotubes were measured using the nanotube length analysis package of
SIMAGIS® software (Figure 3-19). The program is capable of recognizing the SWCNTs
in the image and tracing their lengths, simultaneously obtaining an average height as
well. Histograms of individual and roped SWCNT length and diameter, and those of
particle diameter were created, with appropriate distribution functions fitted. Taking
advantage of their results, one can readily quantify the nanotube volume ratio locally and
globally. Practical applications of this technique are presented in Section 3.4.
Traditional methods for characterization of composites with random heterogeneous
nano/micro structures employ a homogenization or effective properties approach, and
assume that the pertinent parameters are constant. These assumptions can be valid for
bulk behavior of composite materials, yielding solely average or approximate values of
the responses (e.g. stress, temperature). However, to capture the heterogeneous
nano/micro structures in detail and to accurately simulate the physical behavior of the
composites, one must account for the variations in the system parameters, such as
inclusion distribution, dispersion as agglomeration, aspect ratio, orientation and voids.
Several research studies have incorporated the uncertainties into the properties and
structures of composite materials. Fukunaga et al. [165] estimated the ultimate strength of
hybrid laminates, taking into account the effect of scatter in lamina strength, relative fiber
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volume fraction and stacking sequence. Engelstad and Reddy [166] studied metal matrix
composites with various probabilistic distributions of constituent properties using Monte
Carlo simulations. Smith [167] derived a formulation to approximate the failure
probability in 2D composite material with randomly spaced fibers. Roberts and
Knackstedt [168] developed rigorous bounds for effective properties of sample random
fields, based on statistical correlation functions. Povirk [169] employed a finite element
method to predict effective elastic properties of the composite, adopting representative
volume elements for periodic microstructures that are statistically similar to more
complex random microstructure.
Another approach to investigate the performance of nano/micro structures was proposed
by Baxter and Graham [170]. Due to the inherent randomness in composite
microstructure, the characterization required a significant amount of effort. In their
method, instead of attempting to reconstruct and to describe a specific random
microstructure, the material property field is associated with images of the real structures.
Simulation of the material response was performed directly from this material property
field. Digital images of the composite were obtained via computer aided tomography
(CAT) scans which give detailed descriptions of the microstructure. Converting the CAT
images into numeric data produced 2D material property fields (Figure 3-13). A local
micromechanical analysis in conjunction with the moving window technique was then
carried out to predict the material properties of small areas of images, generating spatially
varying material property fields. Rather than characterizing the statistics of the
microstructure, statistics can be numerically generated on these property fields, resulting
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in generalizations potentially valid for classes of microstructure. The presence of a digital
record nano/micro structure eliminates the requirement of a priori assumptions regarding
random material properties.
The methodology was extended to three dimensions by Baxter et al. [171]. Furthermore,
material property fields can be consistently developed from digital images of real
microstructures and can be introduced into finite element models using regular grids.
Their statistical characterization can provide the basis for simulations of additional
material samples. In Figure 3-13 (a), a sample composite microstructure is shown, which
was generated numerically by placing circular fibers randomly in 2D space following a
uniform distribution. Figure 3-13 (b) shows a finite element model constructed for the
sample microstructure shown in Figure 3-13 (a) [172]. It can be argued that the
simulation is comparable to the actual image shown in Figure 3-3 (a). Three sequences of
uniformly distributed random numbers were generated to simulate a digitized image of a
particulate microstructure which is demonstrated in Figure 3-14 [171].
Figure 3-13. (a) Left – Cross section of a numerically generated unidirectional composite microstructure
(white areas are fibers, dark represents matrix). (b) Right – Sample loading and boundary conditions on
finite element model [172].
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Figure 3-14. Orthogonal cross-sections of simulated microstructure. Black is aluminum matrix, white dots
correspond to silicon carbide particles [171].
Kashiwagi and his co-workers [163] followed a rather unique approach for
characterization of nanotube dispersion. They prepared 0.5 wt % SWCNT filled PMMA
samples. PMMA, (poly methyl methacrylate) is a light weight and shatter resistant
transparent thermoplastic also known as PlexiglassTM. The distribution of the SWCNTs in
PNC was examined by optical microscopy to capture the global dispersion of the
nanotubes, (Figure 3-15, Main Image). A laser scanning confocal microscope (SCM) was
used to image the SWCNTs in the PMMA matrix over 100 images to obtain spatial
statistics. Then, the same authors [173] reconstructed three-dimensional images using the
data obtained (Figure 3-15 a-d). The optical images revealed regions of nanotube
aggregation; the darker the region, the more nanotubes it contains. Figure 3-15 (a)-(d)
were reconstructed with the same SWCNT content, but with different dispersion
characteristics. These images show SWNT bundles and agglomerates; transparent areas
correspond to the polymer. Figure 3-15 (d) shows the highest agglomeration ratio with
numerous large agglomerates. It can be clearly deduced from their analysis that the
amount of agglomeration increases as the nanotube content increases. The proposed
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MCFEA takes advantage of this fact in Chapter 5, incorporating the SWCNT
agglomerations in the determination of the overall thermal conductivity of PNC.
Similarly, the assessment of the voids and impurities existing in a PNC requires the
knowledge of their overall volume fraction and size distribution. In this context, image
analysis [164], ultrasonic c-scan [174], radiography [175] and optical microscopy [176]
are amongst the available methods for the measurement of the void and impurity
characteristics of the nanocomposites.
Figure 3-15. Main Image; Optical micrograph of 0.5 wt % SWCNT filled PMMA. Images (a) to (d); 3D
reconstructed images of SWCNT-PMMA composite with increasing nanotube dispersion. Reconstructed
from [163], [173].
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As it can be seen in Figure 3-15, the carbon nanotubes are found to be distributed and
dispersed in a rather random fashion, which causes random variation in local nanotube
concentrations. The MCFEA developed in this dissertation is based on such local non-
uniform SWCNT contents in the polymer, which result in variations in local thermal
conductivity of the nanocomposite. Spatial statistics of the nanotube contents are then
generated and assigned randomly to the finite elements (FEs).
A material region (MR) is assumed to represent the whole PNC (e.g., Figure 3-16-left
shows an optical image of a PNC in micro-scale). The MR is then divided into FEs
(Figure 3-16-right), where each FE represents the nano-scale formation (e.g., Figure 3-6-
left, SEM image of a PNC). The following chapters delineate how the local SWCNT
volume fractions are quantified and how the local and the overall thermal conductivities
are computed based on the statistical information obtained from the image analyses.
Figure 3-16. Local SWCNT concentrations in the actual image of a PNC, selected as material region, are
assigned randomly to finite elements.
FE
Finite Element GridMaterial Region
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3.4. Statistical Representation of CNT Length and Diameter
Distribution
It has been discussed in Section 3.3 that the spatial distribution of the SWCNTs, i.e.,
volume fraction, has a great influence on the thermal properties of PNCs. Statistical
representation of such random nanostructures can then be established from the
experimental images. Analyses from the actual images also report that nanotubes in a
polymer exist in varying length and diameters as a result of CNT synthesis and PNC
manufacturing [107], [144], [164], [177]. It is, therefore, necessary to have a quantitative
description of the statistical information on the shape and size of SWCNTs, and to
incorporate this data into the nanocomposite modeling.
To this extent, Wang et al. [107] made an attempt for accurate measurement and
statistical characterization of the nanotube lengths. They quantified a large population of
nanotubes dispersed in water. The Atomic Force Microscope (AFM) was used to image
SWCNT dispersion, and the lengths were automatically traced and measured with the aid
of the SIMAGIS® software package, shown in Figure 3-17. The quantified nanotube
lengths extracted from the software analysis were plotted into a histogram, and an
appropriate statistical distribution was fitted. They found that the histogram can be
represented best with a Weibull distribution. Figure 3-18 shows the length histogram
obtained from the measurement of 651 SWCNTs. In this regard, to demonstrate the
reproducibility of such statistical data numerically, this dissertation applies a Weibull
fitting with the shape and scale parameters, L=2.4 and k=162, respectively.
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Figure 3-17. Measurement of SWCNT lengths. (a) AFM image. (b) Identified SWCNTs via SIMAGIS
software [107].
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Figure 3-18. Reproduced histogram of dispersed SWCNT lengths with Weibull distribution fit.
A more extensive study was performed by Ziegler et al. [164]. They adopted an identical
approach to analyze not only the nanotube lengths but the nanotube diameters, as well.
Statistically accurate length and diameter measurements of nanotubes were acquired by
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the SIMAGIS® image analysis program (Figure 3-19). After characterization of multiple
AFM images of numerous samples, the nanotubes with lengths between 30 and 750
nanometers (nm), and with diameters between 0.5 and 2 nm were considered to be
individual SWCNTs. Histogram of these individual SWCNT lengths was plotted, and
fitted with a lognormal distribution with a mean of 170 nm and a standard deviation of
118 nm, as demonstrated in Figure 3-20 (a) [164]. Using this statistical information
provided by these authors, a compatible histogram is numerically regenerated in this
dissertation, conforming with the actual data. The MATLAB module dfittool was utilized
to corroborate that the reproduced data in fact belong to a lognormal distribution, as
shown in Figure 3-20 (b).
Figure 3-19. (a) AFM image of CNTs dispersed on a mica substrate. (b) CNTs measured by SIMAGIS
image analyzer. Individual nanotubes are designated by a green color while the nanotube ropes are shown
in black. Particles are also shown in red [164].
It is noted that, Ziegler and his co-workers provided a histogram regarding the SWCNT
diameters, but no curve fitting (Figure 3-21 (a)). It is thus necessary to acquire the
statistical distribution representing the diameter data to incorporate this information in the
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proposed MCFEA. To this end, in Figure 3-21 (b) a diameter histogram is generated and
fed into MATLAB. Employing the dfittool module, the lognormal distribution is selected
to fit best the actual diameter data, which has a mean of 1.09 nm and a standard deviation
of 0.3755.
Figure 3-20. (a) Actual histogram of SWCNT lengths obtained from the AFM image shown in Figure 3-19
and lognormal fit [164]. (b )Digitally generated histogram of SWCNT lengths compared to the reported
PDF.
Figure 3-21. (a) Actual histogram of SWCNT diameters obtained from the AFM image shown in Figure
3-19 [164]. (b) Digitally generated histogram of SWCNT diameters and lognormal distribution fit.
(b)(a)
(a) (b)
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The approach developed herein for determining the thermal conductivity of PNCs
employs the Monte Carlo (MC) approach to integrate the randomness of inclusions. In
this context, repetitive and consistent generation of random numbers is critical for
producing realizations for the MC method. Random numbers defined as a random
variable (RV) are numerically generated based on a specified statistical distribution,
which is described in terms of the probability density function (PDF). The desired PDF of
an RV can be produced from the inverse of its corresponding cumulative distribution
function (CDF), which is called the inverse-transform method [178]. However, one must
note that the inverse of CDF must be available for the utilization of the inverse-transform
method.
After deciding on the PDF ( ( )f x ) of the random variable, its corresponding CDF ( ( )F x )
and the inverse of the CDF ( 1( )F x ) is obtained. Given a random number iu , drawn
from the uniform distribution in the interval (0, 1), the target random number can be
generated as 1( )i ix F u
 . For instance, to incorporate the SWCNT diameter distribution
given in Figure 3-21 (b) into the proposed MCFEA, one must be able to generate random
values of diameter that belong to a lognormal distribution. The PDF of a lognormal
random variable x is given by the equation
2
2
(ln )
21( )
2
x
f x e
x


 


 , ( 3-2 )
where μ and σ are the mean and standard deviation of the variable's natural logarithm,
respectively. Clearly, the logarithm of the variable is normally distributed.
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Integration of the PDF gives the CDF and takes the form
1 1 ln( )
2 2 2
xF x erf 

 
   
 
, ( 3-3 )
where erf is the error function, defined as
2
0
2( )
x
terf x e dt

  . ( 3-4 )
In equation ( 3-3 ), μ and σ can be obtained from the relationships of the expected value
(mean), and the variance (square of standard deviation), of a lognormally distributed
variable, X. Specifically,
2 / 2( )E X e  , ( 3-5 )
and
2 22( ) ( 1)Var X e e    . ( 3-6 )
Furthermore, the expression for the random variable x can be given in terms of a
uniformly distributed random variable u as
12 (2 1)erf ux e 
  . ( 3-7 )
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Chapter 4
4. Monte Carlo Finite Element Approach
Large aspect ratios of single-walled carbon nanotubes (SWCNTs) in combination with
their atomically smooth surfaces cause them to form agglomerates, bundles, and clusters
in polymers during manufacturing of the polymer nanocomposites (PNCs) as discussed in
Chapter 3. These entanglements and mixing procedure result in poor dispersion and
distribution of SWCNTs within the matrix, which turn PNC into heterogeneous random
media. Chapter 3 also discusses how such randomness at the nanoscale can be quantified
and fed into the proposed Monte Carlo Finite Element Approach (MCFEA) to determine
the thermal conductivity of PNCs at microscale. This dissertation relies on a
homogenization technique to address the challenges in transition from the nanoscale to
the microscale.
In this context, a micromechanics approach is adopted to model the effective thermal
conductivity of CNT-reinforced composites. Specifically, the actual heterogeneous
material structure, which consists of multiple phases, is replaced by an equivalent
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homogeneous one with appropriate properties. The property of a composite calculated by
homogenization is called the effective property, to distinguish it from those of the
reinforcing fillers and that of the matrix. This MCFEA approximates the SWCNTs as
ellipsoidal inclusions and computes the values for the local thermal conductivity of PNC
at microscale with the equivalent inclusion method. Thus, these local values are
introduced into the Monte Carlo finite element scheme to determine the overall effective
thermal conductivity of the polymer nanocomposite. In the micromechanics modeling it
is assumed that SWCNTs are straight with certain aspect ratios and with no defects. PNC
contains merely SWCNTs without any residual particles created in nanotube synthesis.
Perfect contact between the constituents is also assumed.
The analytical micromechanics technique is based on the modified Eshelby’s equivalent
inclusion method, first developed by Hatta and Taya [120], [179]. The essence of this
modified method is that the domain includes an infinite number of ellipsoidal
inhomogeneities and takes into account the interaction between them. In the adopted
approach, the matrix is taken to contain randomly distributed individual SWCNTs as
ellipsoidal inclusions with certain aspect ratios. The effects of the random distribution of
SWCNTs due to nanotube characteristics, matrix-nanotube interaction and fabrication
procedures on the thermal conductivity of PNC can then be determined.
This chapter of this dissertation presents the Monte Carlo Finite Element Approach
(MCFEA) developed in the previous work for determining the thermal conductivity of
polymer nanocomposites (PNCs). The PNCs considered here are composed of a polymer
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with poor conductivity and single-walled carbon nanotubes (SWCNTs) as reinforcing
fillers. Various models and techniques are utilized in the pursuit of capturing the thermal
conductivity of PNC as realistic as possible, ranging from the nanoscale to the
microscale.
4.1. Equivalent Inclusion Method for Thermal Conductivity
The analytical model described in this section is used to predict the effective thermal
conductivity of a composite containing a matrix and a single ellipsoidal inhomogeneity,
first developed by Eshelby [121] and known as Eshelby’s equivalent inclusion method,
then extended by Hatta and Taya to heat conduction problems [120].
Consider a single ellipsoidal inhomogeneity (domain Ω) with thermal conductivity 
f
ijK  embedded in an infinite homogeneous body D with thermal conductivity
m
ijK 
under uniform heat flux 0iq applied at far field as shown in Figure 4-1 (a), where ij is
the Kronecker’s delta. Both the fiber and the matrix are assumed to be isotropic and
perfectly bonded. Since the inclusion and the matrix have different thermal
conductivities, the heat flux in the neighborhood of the inclusion becomes distorted.
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Figure 4-1. Theoretical Model. (a) Actual heterogeneous composite body D with a matrix and an
ellipsoidal inclusion phase. (b) Homogenization of (a) by equivalent inclusion method [180].
Homogenization is done by introducing an equivalent inclusion Ω which has the same 
thermal conductivity as that of the matrix and a uniform doublet distribution of strength
Di as illustrated in Figure 4-1 (b), so that the total domain is treated as a homogeneous
material. The equivalence between the actual inhomogeneity and fictitious equivalent
inclusion in domain Ω, then, can be expressed in the form 
0 0( , , ) ( , , , )f c m cij j j ij j j jK T T K T T T 
    , ( 4-1 )
where the comma followed by j denotes partial spatial derivative / jx  , the left-hand
side equation represents the heat flux of the actual inhomogeneity (Figure 4-1 (a)) and the
right-hand side is for the equivalent inclusion (Figure 4-1 (b)). The symbol 0, jT denotes
the uniform thermal gradient, and is related to the far-field applied heat flux, 0iq , by the
equation
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0 0, / mi iT q K  . ( 4-2 )
In equation ( 4-1 ), ,cjT is the constrained thermal gradient disturbed by the existence of
the inhomogeneity. , jT
 is the transformation thermal gradient, known as “eigen thermal
gradient” introduced by Lai [181]. The quantity , jT
 , is proportional to the strength of the
uniformly distributed doublet, has a constant value within domain Ω, but is zero outside.
Analogous to well known Eshelby’s elasticity problem [121], in the case that the matrix
is infinitely extended and contains a single inclusion which has an ellipsoidal shape, the
relation between ,cjT and , jT
 is expressed as
, ,cj ij jT S T
 , ( 4-3 )
where ijS is called “S” tensor and dependent solely on the shape of the ellipsoidal
inhomogeneity, analogous to the Eshelby’s tensor. Explicit expressions of ijS for certain
shapes of inclusions are given in references [180], [182].
When multiple ellipsoidal inhomogeneities are present in the body, the interaction among
them becomes important. In this section, the formulation in the previous section for
single inclusion is extended to multiple inclusions with thermal conductivities f ijK  in a
matrix (D - Ω) of conductivity m ijK  , under constant heat flux
0
iq (Figure 4-2(a)). Again,
they are assumed to be perfectly bonded and isotropic. To take into account the
interaction among fillers, the average disturbance of the temperature gradient in the
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matrix (so called “interaction term”) due to the presence of all of the inhomogeneities,
, jT is introduced. It is defined as
01, ( , , )tj j jD
D
T T T dv
V 
  , ( 4-4 )
where tT is the total (actual) temperature and DV  is the volume of the matrix.
Figure 4-2. (a) A theoretical model for multiple inhomogeneities embedded in the matrix. (b) Relationship
between the local (xi’) and global coordinate system (xi) [120].
Next, applying the equivalent inclusion method to a representative fiber yields
0 0 0( , , , ) ( , , , , )f c m ci i ij j j j ij j j j jq q K T T T K T T T T 
         , ( 4-5 )
where iq is the disturbance of the heat flux due to a representative inhomogeneity, which
vanishes when integrated over the entire composite domain D, That is,
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0iD q dv  . ( 4-6 )
Combining equations ( 4-4 ) and ( 4-6 ), the interaction term ,iT can be obtained as
1, ( , , )ci i i
D
T T T dv
V


   , ( 4-7 )
where VD is the volume of the entire composite domain D.
In the case of three dimensionally misoriented inclusion phases, the composite body is set
on the global coordinates x1, x2 and x3 and the orientation of a single inclusion is defined
by angles  and  as shown in Figure 4-2 (b). The local coordinates of this inclusion are
denoted by x1’, x2’ and x3’, where x3’ coincides with the longitudinal axis of the
inclusion. Then, the equivalent inclusion method for that single fiber in local coordinates
yields
0 0 0' ' ( , ' , ' , ') ( , ' , ' , ' , ')f c m ci i ij j j j ij j j j jq q K T T T K T T T T 
         , ( 4-8 )
and
, ' , 'cj ij jT S T
 , ( 4-9 )
where the entities with primes refer to the ones in local coordinate system. Due to the fact
that the single fiber considered here is a representative fiber in the composite, equations
( 4-8 ) and ( 4-9 ) are applicable to any fiber in the matrix. Therefore, equations ( 4-8 )
and ( 4-9 ) can be recast in the form
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1 0, ' ( ) ( , ' , ')m fi ij jk k kT K K A T T
     , ( 4-10 )
where 1jkA
 is the inverse of jkA , given by the equation
( )f m mjk jl lk jkA K K S K    . ( 4-11 )
Substituting equation ( 4-9 ) into ( 4-10 ) yields
1 0, ' ( ) ( , ' , ')c m fi ij jk kl l lT S K K A T T
    . ( 4-12 )
Furthermore, the quantities in the local coordinate system need to be transformed into the
composite’s coordinate system (global). Assume yi’ and yi are vectors in local and global
axes, respectively. A transformation matrix is then introduced to map yi’ to yi, such that
'i ij jy X y , ( 4-13 )
where the coordinate transformation matrix ijX is given as
cos cos sin sin cos
cos sin cos sin sin
sin 0 cos
ijX
    
    
 
 
   
  
. ( 4-14 )
Thus, ,iT
 and ,ciT can be expressed as
1 1 0, ( ) ( , , )m fi ij jk kl ln n nT X K K A X T T
      , ( 4-15 )
and
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1 1 0, ( ) ( , , )c m fi ij jk kl ln np p pT X S K K A X T T
     , ( 4-16 )
respectively, where 1lnX
 is the inverse of lnX . The interaction term ,iT , then can be
evaluated by substituting equations ( 4-15 ) and ( 4-16 ) into equation ( 4-7 ), which
eventually yields the solutions for ,iT
 and ,ciT .
Therefore, the effective thermal conductivity, ijK , of the representative volume element
which is the composite body in this case, can be found by the equation
1, , ( ) ,t m t f m tij j ij j ij j
D
K T K T K K T dv
V
 

    , ( 4-17 )
where
0 1, , ,tj j j
D
T T T dv
V


   , ( 4-18 )
0 0 1, , , , , , ( , , )t c cj j j j j ij j j j
D
T T T T T S T T T dv
V
 

       , ( 4-19 )
1, ,j j
D
T T dv
f V
 
 
  , ( 4-20 )
and
1, ,c cj j
D
T T dv
f V 
  . ( 4-21 )
In equation ( 4-17 ), tT is the total (actual) temperature, and denotes averaging over
all possible orientations. In equations ( 4-20 ) and ( 4-21 ), f is the volume fraction of
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the fibers. Consequently, based on equations ( 4-17 ) to ( 4-21 ) it can be concluded that
to determine the effective thermal conductivity of the two-phase composite using
equivalent inclusion method, one needs the thermal conductivity of the phases, the
volume fraction of the inclusion, and “S” tensor which is based on fiber aspect ratio.
The proposed MCFEA employs the equivalent inclusion method in each finite element in
the mesh. Each finite element contains certain amount of SWCNTs quantified by
SWCNT volume fraction, studied in Sections 3.2 and 3.3. It is assigned randomly based
on a chosen volume fraction distribution The PNC is considered to consist of a polymer,
individual SWCNTs and agglomerations of SWCNTs as spherical inclusions which are
composed of polymer and SWCNT with specific volume fraction. The equivalent
inclusion approach in the MCFEA computes the thermal conductivity of the matrix
composing of straight, randomly oriented, and perfectly bonded SWCNTs and polymer.
The values for the thermal conductivity of the polymer, single-walled carbon nanotube
and nanotube aspect ratio are determined based on experimental evidence, which is
discussed later in this chapter.
4.2. Random Field Study
Chapter 3 provides an account of the uncertainties present inherently in the nanostructure
of the PNCs. The random nature of the heterogeneous media has been characterized in
terms of distribution and dispersion of the carbon nanotubes. It has been concluded that
volume fraction of the SWCNTs in the polymer matrix can be treated as a random field
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which quantifies the spatial randomness of the nanotubes dispersed in polymers. The
random fields are then discretized as random variables that have specific probability
density functions (PDFs). The selection of an appropriate statistical distribution is
obviously critical. In this context, a number of PDFs are used to define volume fractions
of the SWCNTs in the proposed model. The carbon nanotubes are assumed to be
distributed throughout the polymer randomly conforming to that certain statistical
distribution. Three distinct distributions used to quantify the uncertainty of the SWCNTs
are Weibull, Lognormal and Uniform distributions given, respectively, by the expressions
1
( / )( ) , 0
k
k
x Lk xf x e for x
L L

   
 
, ( 4-22 )
2
2
(ln )
21( ) , 0
2
x
f x e for x
x


 


  , ( 4-23 )
and
1( ) ,f x for a x b
b a
  

. ( 4-24 )
In equation ( 4-22 ), the k and L values represent Weibull parameters; in equation ( 4-23
), μ and σ are the mean and standard deviation of the variable's natural logarithm,
respectively; and the values a and b are the two boundaries of the uniform distribution in
equation ( 4-24 ). Bearing in mind that for each realization, a set of random vectors is
generated numerically based on the assigned statistical distribution. In the case of
polymer nanocomposites, the random values in the vector set correspond to the local
nanotube volume fraction values in each finite element. The mean values in all
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distributions are always set equal to the global SWCNT volume fraction (vf) value of the
nanocomposite.
Further, it is noted that the random values in each numerically generated vector are scaled
accordingly, so that their mean value is always identical to the overall SWCNT volume
fraction in the matrix. The standard deviations in the PDFs are selected such that no
SWCNT volume fraction value can be negative or greater than 0.80 within a finite
element conforming to the manufacturing constraints of the PNC.
Simulations are performed with a selected number of carbon nanotube volume fraction
values with appropriate standard deviations in order to illustrate the effects of their
heterogeneous distributions on the effective thermal conductivity of the PNCs. Figure 4-3
shows the probability density function of the Weibull distributions from which the local
SWCNTs volume fractions are numerically generated. The PDFs are plotted for the mean
volume percentage values of 5, 10 and 20. Further, in the MCFEA simulations numerous
standard deviation (σ) values are used with each mean value so as to obtain the local vf 
values in various ranges. In Figure 4-3 the standard deviations used are equal to 0.02,
0.05 0.07; 0.05, 0.08 0.10; and 0.07, 0.10 0.13 for 0.05, 0.10 and 0.20 mean vf values,
respectively.
In addition, Figure 4-4 and Figure 4-5 show the analogous PDFs of Log-normal and
Uniform distributions with the same mean values. The Log-normal distributions are
plotted with the σ values of 0.02, 0.05, 0.08; 0.05, 0.10, 0.15; and 0.05, 0.10, 0.15. The 
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standard deviation values selected for the Uniform distribution are based on the interval
in which the random values are generated. Since the local SWCNT volume fraction value
cannot be less then zero, the highest value it can possess is twice of the mean vf value.
Weibull Distribution (vf = 0.05)
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Figure 4-3. SWCNT volume fraction distribution produced by Weibull distribution for mean values of
0.05, 0.10 and 0.20 with various standard deviations.
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Figure 4-4. SWCNT volume fraction distribution produced by Log-normal distribution for mean values of
0.05, 0.10 and 0.20 with various standard deviations.
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Figure 4-5. SWCNT volume fraction distribution produced by Uniform distribution for mean values of
0.05, 0.10 and 0.20 with various standard deviations.
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Figure 4-6. Cumulative distribution functions of SWCNTs obtained from Weibull, Log-normal and
Uniform distributions for the mean value of 0.05 with the corresponding standard variations.
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Particularly, in Figure 4-5 for the mean vf of 5%, the maximum local vf can be 10%
denoting an interval from 0 to 10%, which then corresponds to a σ of 2.89%. Similarly, 
keeping the 5% volume percentage, for the intervals [1.5-8.5] and [3-7], the associated
standard deviations are 2.02% and 1.16%, respectively.
The intervals used for the mean volume fractions of 0.10 are [0-20], [3-17] and [6-14],
corresponding to the σ values of 0.0578, 0.0404 and 0.0231. Likewise, for the mean vf of 
20%, the local SWCNT vf values are produced within the intervals of [0-40], [6-34] and
[12-28] with standard deviations of 11.55%, 8.08% and 4.62%, respectively. Samples of
the cumulative distribution functions (CDFs) of the statistical distributions used in the
simulations are also given in Figure 4-6, for the mean SWCNT volume fraction of 5%
with their corresponding standard deviations.
Figure 4-7, Figure 4-8 and Figure 4-9 show the histograms of random vector samples of
the local SWCNT volume fractions. Each figure presents a single realization generated
numerically based on the three probability density functions defined in Equations ( 4-22
), ( 4-23 ) and ( 4-24 ). The samples have 400 elements representing a material region
discretized by 400 finite elements, i.e. 20x20 grid. The graphs are plotted with mean
nanotube volume fractions of 0.05, 0.10 and 0.20 and with various standard deviations.
The influence of the standard deviation on the numerically computed values of the
effective thermal conductivity of the polymer nanocomposites is also discussed later in
this chapter.
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Figure 4-7. Samples of vectors of random values that have Weibull, Log-normal and Uniform
distributions. The plots have the mean SWCNT volume percentages of 5% and the standard deviations of
2%.
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Figure 4-8. Samples of vectors of random values that have Weibull, Log-normal and Uniform
distributions. The plots with μ = 0.10 and with σ = 0.08, 0.10, 0.0404, respectively.
Weibull
0
10
20
30
40
50
60
70
80
0 20 40 60 80
Local SWCNT Volume Fraction (%)
N
um
be
ro
fO
cc
ur
an
ce
s μ = 0.20 
σ = 0.13
Log-normal
0
10
20
30
40
50
60
70
80
90
100
0 20 40 60 80
Local SWCNT Volume Fraction (%)
N
um
be
ro
fO
cc
ur
an
ce
s
μ = 0.20 
σ = 0.15
Uniform
0
5
10
15
20
25
30
35
0 10 20 30 40
Local SWCNT Volume Fraction (%)
N
um
be
ro
fO
cc
ur
an
ce
s
μ = 0.20   
σ = 0.1155
Figure 4-9. Samples of vectors of random values that have Weibull, Log-normal and Uniform
distributions. The plots with μ = 0.20 and with σ = 0.13, 0.15, 0.1155, respectively.
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4.3. Introducing Randomness into Finite Element Scheme
To proceed to the determination of the thermal conductivity of polymer nanocomposites,
the ‘Stochastic Finite Element Method’ (SFEM) is adopted. This is a fundamentally
deterministic finite element method that incorporates the inherent randomness in
nanostructure such as nanotube distribution, dispersion, shape, size, orientation, with the
description of corresponding random fields. Among the SFEM methods available in the
literature to compute the response of the random media, the Monte Carlo (MC)
simulation technique is adopted in the proposed model due to certain advantages.
Figure 4-10. The finite element scheme used in the MCFEA to determine the effective thermal
conductivity of PNC.
The MC analysis used in the proposed approach addresses the heterogeneous random
media in the nanocomposites as the spatial distribution of the SWCNT in a polymer.
Random vector sets for local SWCNT volume fractions are generated through the random
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fields selected which correspond to the uncertainties in the PNC. Each random vector
represents one realization, whose values are then assigned to all the finite elements in the
two dimensional FE model, demonstrated in Figure 4-10. Subsequently, the local thermal
conductivity of each finite element is calculated by the equivalent inclusion method
(EIM), introduced in Section 4.1. One must bear in mind that the EIM assumes
homogeneous distribution of the inclusions in the matrix material. It is thus important to
select an appropriate finite element size. On one hand, to perform this micromechanics
method in a finite element, the FE size must be sufficiently larger than the SWCNT size;
similar to the demonstration in Figure 3-1. Considering the ordinary length of a single
nanotube is in the vicinity of 150 nanometers, the FE size must be in microns. On the
other hand, if the FE size is chosen too large, the distribution characteristics cannot be
captured properly. For example, in case of a poor nanotube distribution, an excessively
large FE size causes this spatial variation to be ignored by the proposed MCFEA.
Finite element method is employed to compute the overall thermal conductivity of the
two dimensional problem for each realization of the random field. The heat transfer
problem described in this dissertation refers to a steady state, one dimensional heat flow
with defined top and bottom temperature boundary conditions. The matrix equation given
in equation ( 4-25 ) is solved for the system to obtain the heat flow rate gradients, namely
the heat flux vectors, and the element temperatures in each FE.
[ ]{ } [ ]{ }e e e eM T K T f 

, ( 4-25 )
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where M and K are the capacitance (mass) and coefficient (conductivity) matrices,
respectively. T is the element temperatures vector, T

is equal to T t  , time derivative of
the temperature, and f is the outside heat source (or sink). T

and f are zero for steady state
heat transfer with free response. Then, the effective thermal conductivity of the RVE,
kRVE for one realization can be obtained for the case of 1-D geometry between two end
points at constant temperatures by the equation
RVE
Q Tk A
t x
 
 
 
, ( 4-26 )
where is A is the cross-sectional surface area which is the thickness t times the RVE
width w, T is the temperature difference between the boundaries, x is the length of
the RVE, and Q t  is the total heat flow rate.
To obtain the statistics of the effective thermal conductivity of the polymer
nanocomposites using the proposed model, numerous samples of the SWCNT volume
fraction distribution are generated. By repeating this process for a certain number of
realizations, a collection of the effective RVE thermal conductivities is obtained. The
results subsequently reveal the mean value and the standard deviation of the overall
effective thermal conductivity of the carbon nanotube reinforced polymer.
Figure 4-11, Figure 4-12 and Figure 4-13 show random vector samples of the local
SWCNT volume fractions used in the proposed approach, along with a realization of the
nanotube volume fraction random field. The histograms of 100 values (10x10 grid) are
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generated based on Weibull, Log-normal and Uniform distributions with mean volume
fraction value of 0.05 with σ of 0.02. For each fv realization, the local thermal
conductivities are computed by the FE approach described in Figure 4-10. Furthermore,
the second parts of the figures show sample histograms of the calculated local thermal
conductivities. They also present samples of the spatial variation of the local thermal
conductivities determined by the proposed MCFEA for 10 by 10 meshed grid. It is
evident from the figures how the poor nanotube distribution causes non-uniform thermal
conductivity throughout the composite.
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Figure 4-11. Top - Sample histogram and sample spatial variation of the local SWCNT volume fractions
of 100 values, based on Weibull distribution, with a mean value of 0.05 and a standard deviation of 0.02.
Bottom - Sample histogram and sample realization of the local thermal conductivity random field
generated by the proposed MCFEA employing the corresponding SWCNT volume fraction values in the
upper plots.
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Figure 4-12. Top - Sample histogram and sample spatial variation of the local SWCNT volume fractions
of 100 values, based on Log-Normal distribution, with a mean value of 0.05 and a standard deviation of
0.02. Bottom - Sample histogram and sample realization of the local thermal conductivity random field
generated by the proposed MCFEA employing the corresponding SWCNT volume fraction values in the
upper plots.
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Figure 4-13. Top - Sample histogram and sample spatial variation of the local SWCNT volume fractions
of 100 values, based on Uniform distribution, with a mean value of 0.05 and a standard deviation of 0.02.
Bottom - Sample histogram and sample realization of the local thermal conductivity random field
generated by the proposed MCFEA employing the corresponding SWCNT volume fraction values in the
upper plots.
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4.4. Sensitivity Analysis on Mesh Sizing and Constituent Properties
From an application point of view, the composite’s heterogeneous thermal conductivity
variation in the local level creates complexities in the design process to a considerable
extent. Uncertainties and nonlinearities always give rise to intricate challenges for
engineers. In this context, the Monte Carlo (MC) method offers a reasonable solution
providing statistical information on the overall thermal conductivity of the structure. With
a mean and a standard value, reliable designs with certain safety factors can be performed
in the real case of applications.
In engineering and in computational modeling one of the most important factors to be
considered is the feasibility. That is, obtaining the best accuracy in the shortest time.
Since the main disadvantage of the MC simulations is their expensive computational
time, it is important to carry out the investigations efficiently with regards to the effects
of the SWCNT distribution on the overall thermal conductivity of the PNCs. Therefore,
first an attempt is made to select the most appropriate number of Monte Carlo realizations
to perform the simulations. Figure 4-14 shows how the effective thermal conductivity
changes as the number of realizations used in the MC simulation increases. The variation
of the effective thermal conductivity of PNC is plotted versus the MC samples number,
ranging from 100 to 2000. Weibull PDF is used to assign the SWCNT volume fraction
values to the finite elements, with mean volume fraction of 0.20 and standard deviation of
0.17. One can reliably claim that beyond 500 realizations, the Keff converges to a constant
value. It is, thus, decided on using 500 MC realizations in the MCFEA developed in this
dissertation for preserving computational time.
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Figure 4-14. Variation of the effective thermal conductivity of PNC w.r.t. number of Monte Carlo samples.
Further, the PNC used in the simulations are considered to be composed of isotropic
SWCNTs and epoxy matrix with thermal conductivities of 2000 W/mK and 0.188 W/mK
at room temperature, respectively [183], [96]. The number of MC realizations is kept at
500, which provides high accuracy with reasonable computation time. Based on the
statistical information reported in the literature, mean value of the ratio of the nanotube
length to its diameter, aspect ratio (L/D) is chosen to be 150 [177], [164].
The methods described and developed in the previous chapters aim to take into
consideration the distribution characteristics of the single-walled carbon nanotubes in a
polymer matrix. However, there are no thorough image analyses or studies available in
the literature, which statistically quantify the spatial variation of the local SWCNT
content throughout the composite. The MCEFA developed in this dissertation proposes
two factors to investigate the nanotube distribution characteristics. One aspect
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investigates the effect of the carbon nanotube distribution in the matrix by using various
mesh sizes in the material region as illustrated in Figure 4-10.
Mesh size, that is the number of finite elements in the model, can be considered as the
number of images taken from the actual material. For this purpose, the mesh sizes of 1,
25, 100, 225, 400 and 625 elements are used in the simulations where 1 element refers to
the regular the Hatta-Taya method. It is reminded that the Hatta-Taya method treats the
material region as a single element where the inclusions are homogeneously distributed.
The standard deviations of the calculated overall thermal conductivity values for each
mesh size reveal the quality of the distribution.
The other aspect is the standard deviation of the SWCNT volume fraction values of the
finite elements. In the MCFEA simulations, several values of the standard deviation are
used with each vf probability distribution to observe the effect of the degree of the
nanotube distribution. The standard deviation of the volume fraction of the finite
elements depends on the scatter of the data and hence is an indicator of the quality of the
distribution. A higher value of variance indicates a poor distribution, since it indicates a
large scatter in the values of nanotube volume fraction in different parts of the
nanocomposite; that is the finite elements in the material region.
Figure 4-15 shows the effective thermal conductivities of the polymer nanocomposite
computed by the proposed MCFEA for the SWCNT volume fraction equal to 0.05. Both
the mean conductivity values and their corresponding standard deviations are presented
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for finite element models with different mesh sizes. Further, the three probability density
functions are utilized for assigning the local volume fractions to the finite elements,
which are Weibull, Log-normal and Uniform distributions. The plots in Figure 4-15 are
presented for each PDF with three selected standard deviation values to observe the
quality of the nanotube distribution.
It can be easily seen in the plots that for small mesh sizes especially below 100 finite
elements where the FE size is much larger that the nanotube size, the standard deviation
values of the estimated effective thermal conductivities are considerably high. The
significance of this finding is that the SWCNTs have extremely poor distribution
throughout the matrix material. However, this poor distribution takes place at a low
frequency, which means that the nanotube content variation occurs over large portions in
the material region. Due to this fact it is possible that the model is not able to capture the
nanotube variation completely.
Moreover, in Figure 4-15 for each value of the SWCNT standard deviation (σ), the mean 
values of the effective thermal conductivities (ETCs) of the PNC decreases until 100
finite elements after which they stay constant. This implies that beyond 100 FE the effect
of the mesh size diminishes and that the finite element size reaches its lower limit at
which the micromechanics method can be applied. It is also observed that the σ values of 
the ETCs decrease as the mesh size increases. This result can be counterintuitive due to
the fact that the degree of scatter is expected to increase with the number of FE.
However, it actually indicates that the material region tends to possess homogeneous
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nanotube distribution. Nevertheless, at the same time the SWCNT variation is
incorporated more capably because more finite elements are included in the
computations. This outcome is corroborated by Figure 4-18 where the coefficient of
variation (CV) of the normalized effective thermal conductivity values computed by the
MCFEA is plotted against the number of the finite elements. The CV is defined as the
ratio of the standard deviation to the mean value. The figure shows that all CVs of the
ETCs decrease as the number of FE increases and converge to their natural values. A
physical interpretation of this result is that the better precision of the thermal conductivity
estimation, the more data extracted from image analysis.
Furthermore, the mean values of the ETCs decrease as the standard deviations of the
SWCNT volume fraction increase, and since the vf range expands with the rise of
SWCNT σ values, their σ values of ETC increases. As it can be seen in Figure 4-15, 
Figure 4-16 and Figure 4-17, the ETC value computed by the Hatta-Taya method, which
corresponds to the value of the single finite element has the highest estimates. This is the
proof of non-linear relation between the SWCNT vf and the ETC even for the case of
Uniform nanotube distribution. In addition to that in Weibull and Log-normal
distributions, most of the vf values generated fall below the mean vf value, which result
in much lower mean ETC values than the ones obtained by Uniform distribution.
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Figure 4-15. Variations of the effective thermal conductivities with plus and minus one standard deviation
computed by the MCFEA w.r.t. the number of finite elements. Three different PDFs are used with 5%
SWCNT vf with the selected standard deviations.
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Figure 4-16. Variations of the effective thermal conductivities with plus and minus one standard deviation
computed by the MCFEA w.r.t. the number of finite elements. Three different PDFs are used with 10%
SWCNT vf with the selected standard deviations.
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Figure 4-17. Variations of the effective thermal conductivities with plus and minus one standard deviation
computed by the MCFEA w.r.t. the number of finite elements. Three different PDFs are used with 20%
SWCNT vf with the selected standard deviations.
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Figure 4-18. Coefficient of variation of the normalized effective thermal conductivity values computed by
the MCFEA, shown in Figure 4-15, Figure 4-16 and Figure 4-17 versus the number of the finite elements.
The plots are for 5, 10 and 20% SWCNT vf and for the three PDFs with chosen standard deviations.
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As it can be inferred from Figure 4-18, the change in the coefficient of variation is
minimized beyond the number of 400 finite elements. Figures also suggest that
confidence interval can be increased when higher number of finite elements are used, vis-
à-vis higher number of nanotube volume content data from image analysis. However,
high FE number demands additional effort for obtaining data from the actual materials.
Figure 4-18 hence suggests that reasonable accuracy can be achieved at 100 mesh size.
As a result of this, fewer amounts of real data need to be collected and the simulation
time can be kept moderately short.
The variation of the effective thermal conductivity of the PNC is plotted with respect to
the SWCNT volume fractions, shown in Figure 4-19. The numerical results are generated
by the proposed MCFEA using 500 Monte Carlo realizations and 100 finite elements,
with nanotube aspect ratio of 150 [177], [164]. The graph presents a sample comparison
of the mean ETC values produced by those three probability distributions and the one by
the Hatta-Taya method. For each mean nanotube vf value, appropriate σ values are used. 
The results are plotted as a function of volume fraction up to 40% content for the sake of
keeping the simulations within realistic limits.
One can deduce from the graph that the values obtained by the MCFEA are considerably
lower than the one computed by the Hatta-Taya model, especially at low volume fraction
values. Examining closely the value obtained by the model with Weibull distribution is
found to be less than half of what the random Hatta-Taya gives for 5% nanotube volume
content. This gives corroborating evidence of the influence of the randomness on the
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thermal conductivity of PNCs, and shows that even a complex micromechanics model,
such as the Hatta-Taya alone, cannot predict conclusively the values determined by
experiments.
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Figure 4-19. Effective thermal conductivity of PNC versus SWCNT volume fraction produced by
Uniform, Log-normal and Weibull and with Hatta-Taya method.
The proposed model is also used to investigate how the aspect ratio of the single-walled
carbon nanotubes affects the effective thermal conductivity of a PNC. Variation of the
results computed with the Log-normal distribution for the aspect ratio values ranging
from 50 to 2000 are presented in Figure 4-20. The nanotube volume fractions used are
equal to 0.20, 0.10 and 0.05 with the standard deviations of 0.15, 0.15 and 0.08,
respectively. It can be seen that the curve becomes flat after the value 1000, after which
SWCNTs can be considered infinitely long. However, as mentioned previously,
simulations are carried out for an aspect ratio value of 150 so as to conform to the
experimental studies [177], [164].
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Similarly, variations of the effective thermal conductivity of PNCs as a function of the
thermal conductivity of the matrix and the SWCNT are also investigated as shown in
Figure 4-21 and Figure 4-22, respectively. The nanotube volume fractions of 0.20, 0.10
and 0.05 with the corresponding standard deviation of 0.15, 0.15 and 0.08 are used in
both graphs. In Figure 4-21 the thermal conductivity of the matrix is kept constant at
0.188 W/mK, equivalent to that of the epoxy resin. Likewise, the thermal conductivity of
the SWCNTs is set at 2000 W/mK in Figure 4-22.
Aspect Ratio Variation
0
20
40
60
80
100
120
140
0 500 1000 1500 2000
SWCNT Aspect Ratio (L/D)
K
ef
f(
W
/m
K
) vf = 0.20
vf = 0.10
vf = 0.05
Figure 4-20. Variation of the effective thermal conductivity of PNC w.r.t. aspect ratio (L/D) of SWCNTs,
with various content ratios.
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SWCNT Thermal Conductivity Variation
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Figure 4-21. Variation of the effective conductivity of PNC w.r.t the thermal conductivity of SWCNT for
the volume fractions of 0.20, 0.10 and 0.05. Log-normal distribution was employed for the nanotube
volume fraction, keeping the matrix thermal conductivity at 0.188 W/mK.
Matrix Thermal Conductivity Variation
0
10
20
30
40
50
60
70
80
0.1 0.2 0.3 0.4 0.5
K_m (W/mK)
K
ef
f(
W
/m
K
)
vf = 0.20
vf = 0.10
vf = 0.05
Figure 4-22. Variation of the effective conductivity of PNC w.r.t the thermal conductivity of the matrix for
the volume fractions of 0.20, 0.10 and 0.05. Log-normal distribution was employed for the nanotube
volume fraction, keeping the SWCNT thermal conductivity at 2000 W/mK
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Chapter 5
5. Nanotube Dispersion on PNC Thermal
Conductivity
It has been pointed out in Chapter 3 that the single-walled carbon nanotubes (SWCNTs)
are present in the base matrix material not merely as individuals but also in forms of
clusters and agglomerates. The morphological studies give evidences of the heterogeneity
and the randomness in the distribution and dispersion of SWCNTs. The term distribution
relates to the spatial variation of the nanotube forms and the dispersion refers to the
agglomeration of the SWCNTs. The effect of the spatial randomness on the thermal
conductivity of the polymer nanocomposites (PNCs) is presented in Chapter 4. The
results produced by the proposed Monte Carlo Finite Element Approach (MCFEA) have
been obtained exclusively for PNCs reinforced with individual SWCNTs to keep the
focus solely on the spatial distribution. The local thermal conductivities of each finite
element in the model are calculated by the equivalent inclusion method (EIM) introduced
in the previous chapter. The EIM is a micromechanics method originally constructed for
the case of single type inhomogeneities embedded in a matrix as illustrated in Figure 5-1.
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Figure 5-1. The material structure in a finite element used in Chapter 4, comprising matrix and individual
SWCNTs.
It is, nevertheless, essential to account for the dispersion characteristics of SWCNTs to
pragmatically determine the effective thermal conductivity of PNCs. To this end, the
nanotube agglomerations are considered as an additional reinforcing phase in the matrix.
It is the aim of this chapter to investigate the heat conduction of this new three-phase
composite, wherein the reinforcements are the individual SWCNTs and the spherical
nanotube agglomerates, as shown in Figure 5-2.
An effort is discussed to address the problem of CNT dispersion in Chapter 5. To this
extent, two separate techniques are introduced to incorporate the nanotube agglomerates
into the MCFEA developed in Chapter 4. The first one is a hybrid approach described in
Section 5.1, which utilizes the 2-phase equivalent inclusion method presented in Section
4.1. The second technique expands the 2-phase EIM to the case of three phase one; the
formulation is given in Section 5.2. The validity and the accuracy of these analytical
approaches for the effective thermal conductivity (ETC) of the PNCs are examined in
Material Region
SWCNTMatrix
Finite Element
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Section 5.3 in the light of experimental measurements. The differences between the
results predicted by these techniques and the experimental findings are discussed. It is
also noted that both techniques make use of certain parameters pertinent to the nanotube
agglomeration to account for the degree of dispersion. The influence of the
agglomeration parameters on the ETC of PNCs are studied and discussed in Section 5.4.
Figure 5-2. Schematic showing the multiple inhomogeneities embedded in the matrix in a finite element,
comprising matrix, individual SWCNTs and spherical nanotube agglomerates.
5.1. Two-Phase Hybrid Model
A vast number of studies in literature have reported clearly that in order to achieve the
desired properties of the polymer nanocomposites, it is important to have homogeneous
SWCNT dispersion in the matrix. As stated in Chapter 3, there are numerous amounts of
nanotube concentrated regions present throughout the material. The evidence has been
provided on the existence of SWCNT bundles, agglomerates and clusters based on the
actual image analysis of the polymer nanocomposites. To this end, there exists no model
SWCNTMatrixAgglomerate
Agglomerate
Matrix SWCNT
Finite Element
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in the literature for determining the thermal conductivity of PNC that does consider the
influence of nanotube agglomeration. Nevertheless, Shi et al. [122] introduced a novel
micromechanics model to investigate the effective elastic stiffness of PNCs, accounting
for the effects of the extensively observed agglomeration of the SWCNTs. Spanos and
Kontsos [123] also utilized this approach in their multiscale stochastic finite element
method to predict the mechanical properties of PNCs with structural heterogeneities.
They performed the local homogenization using the 2-phase EIM via a hybrid approach.
In this section, a similar approach is followed in the case of local thermal conductivity
homogenization within a finite element. Each finite element of the coupon is considered
to include a certain amount of SWCNTs by volume in their domain. The carbon
nanotubes are regarded to exist in the body in two forms; individual SWCNTs, and
nanotube agglomerates. These agglomerates as inclusions are assumed to have spherical
shapes; containing highly concentrated, randomly distributed, straight SWCNTs, and a
polymer as a matrix material. The individual SWCNTs in the matrix are also assumed to
be straight, randomly oriented, and homogeneously dispersed. This matrix that is
reinforced only with the individual SWCNTs is to be referred as the ‘hybrid matrix’ as of
this point. Then, the spherical agglomerates are, as well, considered to be randomly
distributed in this hybrid matrix. The structure of the composite domain, which is
represented as the finite element (FE) is shown in Figure 5-3. The amount of SWCNTs in
the agglomerates and in the hybrid matrix varies, depending on the degree of
agglomeration. The 2-phase EIM is applied to each stage of the calculations. This
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procedure is explained in depth in Section 4.1. The following formulation develops the
necessary agglomeration parameters used in the hybrid model.
Figure 5-3. The material structure in a finite element used in the MSFEA, comprising a hybrid matrix and
spherical inclusions.
Consider the total volume of the finite element, FEV is composed of the volume of the
hybrid matrix, FEhybridV and the volume occupied by the agglomerates,
FE
agglomeratesV , such
that
FE FE FE
hybrid agglomeratesV V V  . ( 5-1 )
From equation ( 5-1 ), the volume fraction of the spherical agglomerates in each FE can
be introduced and the agglomeration index,  , given by the equation
FE
agglomerates
FE
V
V
  . ( 5-2 )
Agglomerate
Matrix SWCNT
Finite Element
Hybrid MatrixAgglomerate
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One can conclude that as  approaches to 1, the entire volume of the FE becomes filled
more with the spherical agglomerates and since nanotubes are homogeneously dispersed
in the agglomerates, they become more homogeneously dispersed in the FE.
Furthermore, the total volume of the single-walled carbon nanotubes, NTV in the finite
element can be divided as
NT NT NT
hybrid agglomeratesV V V  , ( 5-3 )
where NThybridV and
NT
agglomeratesV are the volumes of SWCNT dispersed in the modified
matrix and in the spherical agglomerations, respectively. From equation ( 5-3 ), the
dispersion index,  can be defined by the equation
NT
agglomerates
NT
V
V
  . ( 5-4 )
The parameter  denotes the volume ratio of the SWCNTs dispersed in the spherical
agglomerates in the total volume of the SWCNTs. Equation suggests that when  is
equal to 1, all the nanotubes are located in the spheres. Further, in the case of >  , the
spatial dispersion of CNTs is more heterogeneous in the PNC and when   , all
nanotubes are uniformly dispersed.
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It is worth defining the local volume fraction of the SWCNTs in each FE, FESWCNT , since
it is one of the most crucial input parameters in the proposed approach, expressed in
equation ( 5-5 ).
NT
FE
SWCNT FE
V
V
  . ( 5-5 )
Moreover, due to the fact that the FE as a domain consists of spherical agglomerations
embedded in a hybrid matrix, the volume fractions of SWCNTs in the agglomerates and
in the hybrid matrix become essential in the analysis of the thermal conductivity of the
PNC. Equations ( 5-6 ) and ( 5-7 ) give the expressions for the SWCNT volume fraction
in the agglomerates and in the hybrid matrix, respectively. That is,
2
NT
agglomerates FE
SWCNTFE
agglomerates
V
f
V

 

  , ( 5-6 )
and
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1
NT
hybrid FE
SWCNTFE
hybrid
V
f
V

 


 

. ( 5-7 )
Several researches have reported that number of agglomerates in a nanocomposite
increases as the number of nanotubes in the composite increases [128], [184], [185]. That
is, when FESWCNT increases,  increases, however the relation between two has not been
established yet. Further, another issue to be considered is that whether there is a threshold
FE
SWCNT , at which the agglomerations begin to form, which is to be referred as
‘agglomeration threshold’ (agg_th) in this disseration.
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In the literature, even though experimental analyses have shown the existence of
nanotube agglomerates, a small number of studies have quantified the CNT volume
fraction within an agglomerate [186]. In the course of investigating the effects of the
agglomeration and dispersion of SWCNTs in polymers on thermal conductivity of PNCs,
the proposed MCFEA takes into account the nanotube volume fraction threshold value,
‘agg_th’ and minimum nanotube volume fraction in the agglomerates, ‘vf2_min’. The
significance of vf2_min is that the nanotube volume fraction within an agglomerate never
drops below a certain value, and increases linearly towards the value of one as the total
nanotube volume fraction increases in the finite element. The parametric studies are
carried out over these two variables in the following sections.
5.2. Multi-Phase Model
This section focuses on improving the micromechanics homogenization model to predict
the average thermal conductivity of the finite element, shown previously in Figure 5-2.
The extension of the 2-phase EIM to the case of multiphase composites is introduced,
which effectively called as 3-phase EIM. The significance of the 3-phase EIM model lies
in its strength of simultaneously taking into account the interaction between the multiple
phases. The phases are considered to be ellipsoidal in shape, thus they can be used to
approximate a wide range of nano/micro structural geometries. In the case of SWCNT
agglomeration, there exist two separate reinforcing phases embedded in the matrix; one
being the individual SWCNTs, and the other being the agglomerates, which are
compound of the matrix and extremely high concentration of SWCNTs.
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Figure 5-4 represents a unit volume element with domain D, consisting of a matrix and N
types of reinforcing spherical inclusions whose domains are denoted by n (n = 1 → N). 
Thermal conductivities of the matrix and the phases are assumed to be isotropic and are
given by m ijK  and
n
ijK  , respectively.
Figure 5-4. The analytical model for multiphase composite containing N types of mis-oriented fibers
embedded in the matrix and definition of the coordinate system used [187].
The effective thermal conductivity of the composite, ijK , is defined by the equation
,t ti ij jq K T  , ( 5-8 )
where tiq and ,
t
jT are the total (uniform + disturbance) heat flux and temperature
gradient respectively, and denotes averaging over the entire domain D. The
composite is assumed to be statistically homogeneous, and thus the volume average over
a suitable representative volume can be used in place of an entire structure. The quantities
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in equation ( 5-8 ) can be expressed in terms of their volume averages over the N phases
as
1 1
1
N N
t t t
i n i n im n
n n
q f q f q
 
 
   
 
  , ( 5-9 )
and
1 1
, 1 , ,
N N
t t t
i n i n im n
n n
T f T f T
 
 
   
 
  , ( 5-10 )
where 1. .
n
n n
D
f dV
V

  , DV is the volume of the entire composite, nf is the volume
fraction of the n-th phase (n = 1 → N), and the subscripts m and n refer to the matrix and 
the n-th phase inclusion, respectively. By expressing the heat flux in each domain in
terms of the corresponding thermal conductivity and gradient through Fourier’s law of
conduction, the effective thermal conductivity of the composite can be recast in the form
1
1, , ( ) ,
n
N
t m t n m t
ij i ij i ij i
n D
K T K T K K T dV
V
 
 
    , ( 5-11 )
where ,tiT is the total thermal gradient.
To determine the quantities in equation ( 5-11 ), the equivalent inclusion method (EIM)
for steady state heat conduction, explained in the previous chapter, is extended to
multiphase composites with mis-oriented inclusions. The EIM is applied in local
coordinates to a representative fiber of each type yields the N equations as
0 0
0
' ' ( , ' , ' , ')
( , ' , ' , ' , ') , 1 .
n f cn
i i ij j j j
m cn n
ij j j j j n
q q K T T T
K T T T T in n N

 
   
      


( 5-12 )
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The first right-hand side term of equation ( 5-12 ) represents the heat flux in the actual
inhomogeneity while the second one represents the heat flux in the equivalent inclusion.
The relation between the thermal gradient disturbed by the existence of a single
inhomogeneity , 'cnjT and the fictitious ‘eigen thermal gradient’ , '
n
jT
 is expressed as
, ' , 'cn n nj ij jT S T
 , ( 5-13 )
where nijS are functions of the inclusion geometry. The
n
ijS expressions for various
ellipsoidal inclusions are given in Appendix A.
Equations ( 5-12 ) and ( 5-13 ) can be rearranged to solve for , 'njT
 and , 'cnjT which then
can be transformed to global coordinates by the use of second order transformation tensor
n
ijX , given by equation ( 4-14 ), and its inverse
1n
ijX

. This yields
1 1 0, ( ) ( , , )n n m n n ni ij jk kl ln n nT X K K A X T T
      , ( 5-14 )
and
1 1 0, ( ) ( , , )cn n m n n ni ij jp pk kl ln n nT X K K S A X T T
 
    , ( 5-15 )
where
( )n n m n mjk jl lk jkA K K S K    . ( 5-16 )
The average disturbance of temperature gradient in the matrix is defined by
1
1, ( , , )
n
N
cn n
i i i
n D
T T T dv
V



    ( 5-17 )
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The volume average of the total temperature gradient over each phase of the composite
(matrix and inclusions, respectively) can be expressed as
0, , ,ti i imT T T 
 , ( 5-18 )
and
0, , , ,t ni i i inT T T T
   . ( 5-19 )
The volume average of the total temperature gradient over the entire composite is then
obtained as
0
1 1 1
1, 1 , , , ,
n
N N N
t t t n
i n i n i i im n
n n n D
T f T f T T T dv
V

   
 
     
 
    . ( 5-20 )
The volume average of the quantities ,cniT and ,
n
iT
 can be evaluated over all possible
orientations with the use of equation ( 5-17 ) and can be recast in the form
01, , ( , , )
n
n
n n n
i i i i i
n D
T T dv Q T T
f V
  


    , ( 5-21 )
and
01, , ( , , )
n
n
cn cn cn
i i i i i
n D
T T dv Q T T
f V

    . ( 5-22 )
Further, substituting equations ( 5-21 ) and ( 5-22 ) into equation ( 5-17 ) yields
0
1
1 , ,
1 ( )n
n
n i
i n iN
n cnD
n i i
n
QT dv f T
V f Q Q






 


, ( 5-23 )
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and
0
1
1 , ,
1 ( )n
cn
cn i
i n iN
n cnD
n i i
n
QT dv f T
V f Q Q




 


. ( 5-24 )
The quantities niQ
 and cniQ are dependent on the assumed distribution functions of the
inhomogeneities in the composite. In the special case of an isotropic ellipsoidal inclusion
( 11 22 33S S S  ) with completely random distributions, the expressions are given by the
equations
11 33
2 1
3 ( ) ( )
m n
n
i n m m n m m
K KQ
K K S K K K S K
    
    
, ( 5-25 )
and
3311
11 33
2
3 ( ) ( )
m n
cn
i n m m n m m
SSK KQ
K K S K K K S K
 
  
    
. ( 5-26 )
Therefore, the effective thermal conductivity of the composite, ijK can be computed
from the equation ( 5-11 ), ( 5-23 ) and ( 5-24 ). Considering all N types of
inhomogeneities are isotropic, ijK can be found by the equation
1
1
1( )
1
cnN
m n m i
ii n N
cmn
m i
m
QK K f K K
f Q


  



. ( 5-27 )
For the case in which carbon nanotubes form agglomerations, the composite comprises
three phases; matrix as the base material and two reinforcing phases, that is individual
nanotubes and nanotube agglomerates. Therefore, in equation ( 5-27 ), mK , 1K and 2K
denote the thermal conductivities of the matrix, the individual SWCNTs, and the
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agglomerates, respectively. and the quantities 1f and 2f are the volume fractions of the
individual SWCNTs and the agglomerates, respectively. The degree of the nanotube
dispersion is determined by the agglomeration parameters, agg_th and vf2_min,
introduced in Section 5.1.
5.3. Comparison of Homogenization Models
In the preceding two sections, two distinct analytical micromechanics approaches have
been introduced for modeling the agglomeration of single-walled carbon nanotubes
(SWCNTs) in the polymer nanocomposites (PNCs). This section of the dissertation
makes a comparison of these two techniques in the pursuit of capturing the effective
thermal conductivity of PNCs utilizing the proposed Monte Carlo Finite Element
Approach (MCFEA). Their benefits and weaknesses are discussed, and the discrepancy
between the models is shown. Limitations of the two-parameter agglomeration model are
highlighted.
Section 5.1 introduces a two parameter agglomeration model based on the work of Shi et
al. [122] to account for the dispersion of the nanotubes. Their micromechanics model
investigates the effective elastic stiffness of PNC, taking into account the effects of the
observed agglomeration of the SWCNTs. The model was also adopted by Spanos and
Kontsos [123] and was utilized in their multiscale stochastic finite element method to
determine the mechanical properties of PNCs.
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The micromechanics model presented in Section 5.1 employs the two-parameter
agglomeration approach in conjunction with the Hatta-Taya 2-phase equivalent inclusion
method (EIM) to calculate the thermal conductivity of a finite element with a certain
local SWCNT content. The detailed formulation of the 2- phase EIM is explained in
Section 4.1. For simplicity, the combination of these methods henceforth is to be called
the “hybrid approach”. The model assumes that the SWCNTs are present in two forms
within the matrix, one as individual nanotubes with certain aspect ratios, and the other as
spherical agglomerates which contain high concentration of nanotubes. The 2-phase EIM
scheme is used to compute the thermal conductivity of the agglomerates, then the same
scheme is used to calculate the thermal conductivity of the so-called “hybrid matrix”
which is composed of the individual CNTs and the neat matrix. Finally, the 2-phase EIM
is again utilized to obtain the final thermal conductivity of a finite element (FE).
Subsequently, the MCFEA, explained in Chapter 4, is employed to acquire the effective
thermal conductivity of the composite.
The second method described in Section 5.2 is the extension of the equivalent inclusion
method (EIM) in steady state heat conduction, first developed for misoriented single
reinforcing phase by Hatta and Taya [120]. The same authors then extended the EIM for
multiphase composites but only the case for aligned fibers. Dunn et al. [187] gives inside
on the use of the equivalent inclusion method to consider multiple reinforcing phases,
each in unique ellipsoidal shapes and with random distributions. In the case of the
problem described here, two separate reinforcing phases exist in the matrix; that is the
individual ellipsoidal SWCNTs and the spherical agglomeration. Since the
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nanocomposite is composed of three phases, to make a distinction this method is to be
addressed as the “3-phase EIM” hereafter. The thermal conductivity of the spherical
agglomerations is obtained by the use of the 2-phase EIM.
The superiority of the 3-phase EIM approach over the hybrid approach relates to the fact
that the 3-phase EIM takes into account the interaction between the reinforcing phases
and regards the entire composite as one. In juxtaposition, the hybrid approach isolates the
reinforcing phases and treats them separately which causes the phases to lose the
communication and leads to inaccuracy. One can argue that the only limiting aspect of
the 3-phase EIM is its more complicated analytical derivation. However, in terms of
numerical computational time, it requires much fewer coding lines and subroutines,
which result in lesser computational time.
It is also noted that both of the agglomeration models proposed in Sections 5.1 and 5.2
assume that the SWCNTs are straight with large aspect ratios. Both the individual
SWCNTs and the spherical agglomerates are poorly distributed and poorly dispersed
within the matrix. Moreover, both the inclusions are assumed to be perfectly bonded with
the polymer matrix. Figure 5-5 and Figure 5-6 show the schematics of the methodologies
regarding the assumed nano-structural formation in a finite element, by the hybrid
approach and 3-phase EIM approach, respectively.
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Figure 5-5. Schematic representation of the nano-structural formation in the ‘Hybrid Approach’.
Figure 5-6. Schematic representation of the nano-structural formation in the ‘3-phase EIM’.
The comparison of the hybrid approach and 3-phase EIM is shown in Figure 5-7
alongside the results obtained by the well-known Hatta-Taya method and by MCFEA
with no agglomeration developed in the previous work. The variation of the effective
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thermal conductivities of the composite are plotted with respect to the mean single-walled
carbon nanotube volume fraction in the composite up to 40 percent in volume to keep the
simulation within reasonable limits. The variations are plotted using 500 Monte Carlo
realizations and 400 finite elements with SWCNT aspect ratio of 150. The agglomeration
parameters agg_th and vf2_min are chosen as 0.2 and 0.7, respectively.
One can readily notice the discrepancy between the two agglomeration models especially
for the nanotube volume fraction over 10 percent. Close examination reveals that this
disparity is due to the difference in the methodology that the two models follow,
particularly the calculation of the volume fractions of the individual SWCNTs within the
matrix.
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Figure 5-7. Comparison of the hybrid approach and 3-phase EIM
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In the hybrid approach, the spherical agglomerations are mixed into a so-called hybrid
matrix which has higher thermal conductivity than a neat polymer. It is due to the fact
that the hybrid matrix is already a composite itself, reinforced with SWCNTs. On the
other hand, in 3-phase equivalent inclusion method, the agglomerates and the individual
SWCNTs are added as two separate phases directly into the matrix with poor thermal
conductivity. While the volume fraction of the spherical inclusions (vf2) is identically
defined, the volume fraction of the individual nanotubes (vf1) has different expressions.
1 1
NT NT
agglomerates
FE FEhybrid
agglomerates
V V
vf f
V V

 

, ( 5-28 )
and
3
1 1
NT NT
agglomerates
FEphEIM
V V
vf f
V

  . ( 5-29 )
The equations give the expressions for vf1s that each model uses in their formulation, the
hybrid approach and the 3-phase EIM, respectively. Note that the equation ( 5-28 ) is
practically the same as equation ( 5-7 ) in Section 5.1.Since the hybrid approach isolates
the reinforcing phases, in the expression ( 5-28 ) to calculate the volume fraction of
SWCNTs in the matrix, the volume of the individual nanotubes present in the matrix is
divided by the volume of the matrix only, which excludes the volume of the spherical
inclusions from the total finite element volume. At this point, it is convenient to remind
that the MCFEA proposed in this dissertation assumes that the agglomeration content in a
material region, i.e., a finite element, increases as the local SWCNT content increases.
This causes a reduction of the effective matrix volume and results in a relative increase in
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the volume fraction of the individual SWCNTs in the matrix. However, the 3-phase EIM
considers the system as a whole when computing the volume fractions of each inclusion.
Figure 5-8 shows the corresponding variations in vf1 values in the FE. The values are
plotted against the local nanotube volume fractions up to the physical limit of 0.8. It can
be deduced from the graph that the divergence begins at early local nanotube volume
fractions (vf), and increases greatly for the higher vfs. The significance of this deviation
emerges in the calculation of the local thermal conductivity of the finite element. Since
the 3-phase EIM uses the pristine matrix as the base material, its thermal conductivity
remains constant during the computations. However, the hybrid approach uses the
already nanotube reinforced hybrid matrix. The effective thermal conductivity of the
hybrid matrix is presented in Figure 5-9.
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Figure 5-8. Variation of the individual SWCNT volume fraction in the matrix w.r.t the local nanotube
volume fraction in a finite element used in the agglomeration models.
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Figure 5-9 provides useful evidence as to why the effective thermal conductivity of the
composite in Figure 5-7 obtained by the hybrid approach deviates from the one obtained
by the 3-phase EIM. Experimental measurements show that the behavior of the thermal
conductivity of SWCNT composites follows a similar trend with the ones predicted by
the MCFEA with 3-phase equivalent inclusion method. To illustrate this tendency, the
experimental values measured by Xu et al. [97] are presented in Figure 5-10. Even
though the measured values fall considerably below the computed ones, the similarity of
the behavior of the two curves is indisputable. Based on this fact, the 3-phase EIM is
chosen as the preferred micromechanics technique in the MCFEA developed in this
dissertation. The discrepancy between the computed and the experimental thermal
conductivity values of the composites is discussed in the following sections.
Comparison of Thermal Conductivity of Matrix for 2 Types of
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Figure 5-9. The effective thermal conductivity of the hybrid matrix used in the hybrid approach. The
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W/mK (square dots).
126
0.0
0.2
0.4
0.6
0.8
1.0
0 0.1 0.2 0.3 0.4
SWCNT Volume Fraction (vf)
Th
er
m
al
C
on
du
ct
iv
ity
(W
/m
K
)
Xu Y.
Poly. (Xu Y.)
3-Phase EIM Model
0
20
40
60
80
100
120
140
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
SWCNT Volume Fraction (vf)
Th
er
m
al
C
on
du
ct
iv
ity
(W
/m
K
)
MCFEA - 3 Phase EIM
Figure 5-10. Tendancies of the thermal conductivity of SWCNT-composites; Top – experimentally
measured at room temperature by Xu et al., [97], Bottom – results by MCFEA via 3-phase EIM.
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5.4. Management of Dispersion Parameters
Previous sections in this chapter describe the methods used to include the nanotube
agglomerates into the proposed Monte Carlo Finite Element Approach (MCFEA) to
account for the distribution characteristics. However, quantification of the quality of the
dispersion of the single-walled carbon nanotubes (SWCNTs) is essential in the polymer
nanocomposites (PNCs). To this end, this section studies the influences of the
agglomeration parameters used in the methods on the effective thermal conductivity of
the PNCs. In particular, two parameters are considered, who are discussed in depth in
Section 5.1. The first one is related to a threshold SWCNT volume fraction value below
which the carbon nanotubes are dispersed well and they exist in the matrix as individuals.
When the nanotube concentration reaches a certain level, they begin to form
agglomerates. That threshold value is henceforth named as the “agglomeration threshold”
value, which is denoted as “agg_th” in this dissertation. The second parameter relates to
the SWCNT concentration within the agglomerates. It has been reported in the literature
that when the nanotubes form clusters or agglomerates, the nanotube concentration in the
agglomerates can vary from 60% to 90% depending on the surface quality of the carbon
nanotubes and the overall SWCNT volume fraction of the PNC [188], [189]. Therefore
one must take into account the minimum nanotube volume fraction in the agglomerates;
which is denoted as “vf2_min”, where vf2 is the total SWCNT volume fraction in the
agglomerates. The significance of vf2_min is that the nanotube volume fraction within an
agglomerate never drops below a certain value, and increases linearly towards the value
of one as the total nanotube volume fraction increases in the finite element. It is noted
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that the nanotube agglomerates are assumed to be in spherical shape. Subsequently,
extensive parametric studies are carried out over the influence of these two variables.
The effect of the agglomeration threshold (agg_th) on the effective thermal conductivity
(ETC) of the polymer nanocomposite (PNC) is shown in Figure 5-11. The ETC variations
are plotted for various values of the minimum SWCNT vf in agglomerates, vf2_min
based on Weibull local nanotube volume fraction distribution. It can be deduced that the
ETC value decreases as agg_th decreases. It is due to the fact that at low thresholds,
higher amount of nanotubes form into spherical clusters, which have much poorer
thermal conductivity than an individual SWCNT. One can further notice that the ETC
values converge to the one with no agglomeration vis-à-vis perfect nanotube dispersion.
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Figure 5-11. Variation of the effective thermal conductivity of PNC w.r.t. the agglomeration threshold
agg_th, for various values of the minimum SWCNT vf in agglomerates vf2_min, based on Weibull local
nanotube vf distribution.
129
Figure 5-12 shows the variation of the effective thermal conductivity with respect to the
minimum SWCNT volume fraction in agglomerates, vf2_min. The results are produced
using Weibull distribution under different agglomeration thresholds (agg_th). It can be
seen that the ETC values decrease vastly as vf2_min increases. Since there are more
nanotubes present within the agglomerates, the number of individual SWCNT is reduced
in the matrix, which effectively results in poor ETC of the PNCs. To this extent, the
effect of poor dispersion on the thermal conductivity of a PNC with 5 percent SWCNT
loading is investigated.
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Figure 5-12. Variation of the effective thermal conductivity of PNC w.r.t. the minimum SWCNT vf in
agglomerates vf2_min, for various values of the agglomeration threshold agg_th, based on Weibull local
nanotube vf distribution.
Sample simulations are generated with the three nanotube volume distributions
mentioned a priori, with various standard deviations, given in Figure 5-13. The
agglomeration parameters are used agg_th = 0.01, vf2_min = 0.7.
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Figure 5-13. Variations of the effective thermal conductivities with plus and minus one standard deviation
computed by the MCFEA w.r.t. the number of finite elements. Three different PDFs are used with 5%
SWCNT vf with the selected standard deviations. The agglomeration parameters are agg_th = 0.01,
vf2_min = 0.7.
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The plots presented in Figure 5-13 are to be compared with the ones given in Figure 4-15
in Section 4.4. It is observed that the mean values are approximately three times reduced
compared to the ones computed without taken into account the existence of the
agglomerates.
Delving into the dispersion characterization of polymer nanocomposites, it is deemed
useful to provide some information on the behavior of the agglomeration parameters
introduced in the MCFEA developed in this dissertation. Derivation of these parameters
is given in Section 5.1 in detail. In Figure 5-14 and Figure 5-15, the influence of the
parameters pertaining to the dispersion of nanotubes is discussed.
As more agglomerates form, the fewer amounts of individual SWCNTs are left in the
polymer matrix. It is known that agglomerates have poor thermal conductivity, thus the
majority of the enhancement results from the individually dispersed nanotubes. Naturally,
the individual nanotube volume fraction in the matrix (vf1) is dependent on the
agglomeration parameters used in the analysis. Figure 5-14-(a) shows the vf1 variation
with respect to the total nanotube content in a finite element. The threshold parameter
(agg_th) is kept as 0.2, implying that CNTs are perfectly dispersed throughout the FE
until the CNT content in a FE is 20 percent. After that threshold, the agglomerates form
with high nanotube concentration. As discussed previously, minimum nanotube vf in an
agglomerate (vf2_min) can be as low as 60 percent. Influence of the vf2_min (i.e., 0.6,
0.7, 0.8) is also shown in Figure 5-14-(a). If the agglomerates are assumed to contain
higher CNT content, the number of individual CNTs in the pristine polymer reduces.
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Figure 5-14. Effects of the agglomeration parameters agg_th and vf2_min on the individual SWCNT vf in
the matrix (vf1) in a finite element.
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Figure 5-15. Effects of the agglomeration parameters agg_th and vf2_min on the SWCNT vf in the
spherical agglomerates (vf2) in a finite element.
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Similarly, Figure 5-14-b shows the vf1 versus local vf variation. The vf2_min value is
kept constant at 0.7, meaning the agglomerates have at least 70 percent SWCNT ratio.
Samples are generated with various threshold parameters, i.e. agg_th = 0.01, 0.1, 0.2.
Additional examples are provided in Figure 5-14-c. Herein, an assumption is made for
the nanotube volume fraction in the agglomerates (vf2) such that, as the CNT content
increases in a finite element (local vf), vf2 also increases gradually, making the
agglomerates denser. The maximum overall CNT vf in a FE is limited at 80 percent. In
this context, a number of cases have been simulated and the results are presented in
Figure 5-15. As it can clearly be seen from the figures, until the SWCNT volume fraction
reaches the given agglomeration threshold value, vf2 stays zero. Immediately after
nanotubes form, vf2 assumes the value of the prescribed vf2_min, and continues
climbing. Theoretically, if the over all nanotube content in a FE is hundred percent, vf2
also becomes one.
Figure 5-16, Figure 5-17 and Figure 5-18 present the numerically computed mean values
of the effective thermal conductivity of polymer nanocomposites, produced with various
agglomeration parameters. The thermal conductivity values of the SWCNTs and the
epoxy polymer are 2000 W/mK and 0.188 W/mK, respectively. For comparison, the
figures also contain the resultant mean value of a PNC with perfect CNT dispersion, vis-
à-vis no agglomeration. Further, the results obtained by the Hatta-Taya method are
included, which assumes both perfect CNT dispersion and distribution. The MCFEA
used for the analysis employs Weibull distribution for the nanotube volume fraction for
all the cases stated.
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Keff vs SWCNT vf for Various 'vf2_min' Values with agg_th=0.2
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Figure 5-16. Effect of vf2_min on the effective thermal conductivity of PNC, produced by the MCFEA,
based on Weibull distribution with agg_th = 0.2.
Keff vs SWCNT vf for Various 'vf2_min' Values with agg_th=0.01
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Figure 5-17. Effect of vf2_min on the effective thermal conductivity of PNC, produced by the MCFEA,
based on Weibull distribution with agg_th = 0.01.
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Keff vs SWCNT vf for Various 'agg_th' Values w/ vf2_min=0.7
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Figure 5-18. Effect of agg_th on the effective thermal conductivity of PNC, produced by the MCFEA,
based on Weibull distribution with vf2_min = 0.7.
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Chapter 6
6. Characterization of PNC Thermal
Conductivity
The Monte Carlo Finite Element Approach (MCFEA) is proposed in this dissertation
with the intention of providing a broad engineering applicability for simulating the
thermal conductivity of polymer nanocomposites (PNCs). However, as the model
involves a large number of variables, the robustness of the MCFEA is best demonstrated
via comparison with the results of the pertinent experiments. In other words, the proposed
approach must be able to replicate the experiments with a reasonable degree of accuracy,
yet not requiring extensive amount of parameter calibration. Having presented and
developed the theoretical and numerical bases in previous chapters, the reliability of the
MCFEA is assessed in this chapter. Adequate modeling parameters are modified such
that they are in agreement with the material properties, structures and the manufacturing
methods used in each experiment. The polymer nanocomposites are, in essence,
manufactured by mixing nanotubes in a polymer matrix. In this process nanotubes are
first quantified by their weight percentage. Subsequently, the volume fraction is
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calculated by converting the weight fraction fw to the volume fraction fv , specifically
from the work of Pipes et al. [190].
(1 )
f p
f
f p f NT
w
v
w w

 

 
, ( 6-1 )
where the indices “p” and “NT” denote polymer and nanotube, respectively, while  is
the mass density. In the literature, while most researchers report the nanotube volume
fraction value, a number of studies present the nanotube content as the weight percentage.
However, fw alone is not sufficient to calculate fv values. To this end, the CNT mass
density is also needed, which is defined by the total mass of carbon atoms in the
nanotube. Therefore, the SWCNT density can be calculated by the equation
2
4 w
NT
A
N M
N d


 , ( 6-2 )
where Mw is the atomic weight of carbon, NA is the Avogadro’s number, d is the diameter
of the SWCNT, and N is the number of the carbon atoms per unit length given by the
equation
4
3
N
b

 , ( 6-3 )
where
2 2n nm m    . ( 6-4 )
Further, the dependence of the nanotube diameter, d to the parameter Λ is expressed as 
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   , ( 6-5 )
where ν is the measured equilibrium standoff distance between the nanotube and the
adjacent medium, which is in the vicinity of 0.34 nm, as measured by Gao et al. [191]. In
equation ( 6-3 ), b is the bond length between two carbon atoms, which is equal to 0.142
nm in case of SWCNT, and the parameters n and m denote the chiral vector of the
SWCNT. The SWCNT mass density as a function of its diameter is shown in Figure 6-1.
Figure 6-1. Variation of SWCNT density as a function of diameter. Reproduced from [190].
In the cases where only wf is provided, the proposed MCFEA considers the reported
weight fraction value as the expected value for the statistical distribution. Thus, the
nanotube volume fraction of each finite element is computed using the weight fraction in
conjunction with the corresponding SWCNT diameter based on the diameter distribution
as presented in Section 3.4. Randomly assigned values of d are plugged in Equation ( 6-5
) below, which is then used in Equation ( 6-3 ).
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Similarly, variations of effective thermal conductivity of PNC as a function of thermal
conductivity of matrix and SWCNT are also examined, as shown in Figure 6-2 and
Figure 6-3, respectively.
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Figure 6-2. Variation of effective thermal conductivity of PNC w.r.t. thermal conductivity of matrix.
Weibull NT vf distribution is employed.
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Figure 6-3. Variation of effective thermal conductivity of PNC w.r.t. thermal conductivity of SWCNT.
Weibull NT vf distribution is employed.
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6.1. Interface Thermal Resistance
The preliminary simulations in Chapter 5 reveal that the enhancements observed by the
experimental studies are significantly lower than the numerical simulation results. These
unexpectedly low thermal conductivities are attributed to the thermal interface resistance
RK, which results from the weak van der Waals forces acting between the nanotube and
the polymer matrix. Hence, poor thermal coupling exists, leading to significantly high
thermal interfacial resistance. This phenomenon has been observed by numerous
experimental studies on PNC thermal conductivity [93–98], [186]. Xue [117] developed a
simple model that takes into account this thermal resistance. They provided an equivalent
thermal conductivity for the nanotube, eqNTK , expressed as
21
eq NT
NT
K NT
KK R K
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( 6-6 )
where KNT is the thermal conductivity of SWCNT, L is nanotube length and RK is thermal
interface resistance. Figure 6-4 shows the effect of the interfacial thermal resistance on
the resultant thermal conductivity of nanotubes; such that an increase in RK decreases
eq
NTK drastically. The data are plotted keeping the SWCNT thermal conductivity at 2000
W/mK, and the length of SWCNT at 165 nm, chosen out of L/D=150 and d=1.09 nm as
reported in Section 3.4.
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The interfacial thermal resistance between a SWCNT and epoxy was measured
experimentally by Bryning et al. [114] for two kinds of composites processed with
different methods. The outcomes show RK = 0.24±0.13x10-8 m2K/W and RK =
2.6±0.9x10-8 m2K/W for DMF-processed and surfactant-processed PNCs, resulting in
eq
NTK values, ranging from 25 to 75 W/mK, and 2 to 5 W/mK, respectively.
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Figure 6-4. Effect of the interface thermal resistance on the equivalent thermal conductivity of SWCNT.
Nanotube thermal conductivity and length are kept constant at 2000 W/mK and 165 nm, respectively.
The variation of eqNTK as a function of nanotube length is shown in Figure 6-5 (a) for the
two RK values, with KNT = 2000 W/mK. The results have near linear tendency and
discrepancy between the slopes is evident. However, the effect of the SWCNT thermal
conductivity on eqNTK is insignificant, almost invariant; it is shown in Figure 6-5 (b) for
RK = 0.24±0.13x10-8 m2K/W and L = 165 nm.
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Based on the interface thermal resistance stated by Bryning et al. [114], the equivalent
thermal conductivity of SWCNT can be estimated – ranging from the values as low as 2
W/mK to 75 W/mK. To that end, in each experimental comparison, the eqNTK value used in
the MCFEA is estimated, conforming to the interface resistance value provided by the
corresponding experimental work.
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Figure 6-5. Effect of (a) the length, and (b) thermal conductivity of SWCNT on the equivalent thermal
conductivity of SWCNT.
6.2. Effect of Voids
Polymer nanocomposites manufactured by any practical processing methods do not
entirely emerge free of defects. It has been observed in the literature that composites
materials, both with brittle or ductile matrices, suffer from substantial porosity, voids, and
nano/micro cracking due to the manufacturing methods, handling, thermal cycling, and
loading, as stated in Section 3.2 [149], [192–194]. Especially the presence of voids, even
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at low volume fractions, has been found to degrade the properties of composites [195].
Further, studies have shown that the composite properties are affected by the void
fraction, size, shape and distribution [150], [196].
In pursuit of capturing the uncertainties in the nanotube reinforced polymer composites, it
is important to take into consideration the pre-existing voids in the structure, besides the
distribution and the dispersion characteristics. Similarly, the voids may form
progressively at the reinforcement and the matrix interface during the life of the structure
[98]. This section focuses on pre-existing voids in the polymer. In particular, the MCFEA
is expanded by incorporating a certain level of nano/micro voids into the micromechanics
model. The assumption here is that the polymer nanocomposite consists of four phases –
matrix, individual SWCNTs, spherical agglomerates, and nano voids.
Figure 6-6. The material structure in a finite element used in the MCFEA comprising matrix, individual
SWCNTs, spherical agglomerates and penny shaped voids.
SWCNTMatrixAgglomerate Void
Finite Element
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The voids have insignificant thermal conductivity value, which are thus approximated to
be zero. Figure 6-6 shows the finite element (FE) used by the proposed MCFEA. The
homogenization within a FE is performed by extending the 3-phase Eshelby’s equivalent
inclusion method to capture 4-phase problem at hand. The spatial randomness is
introduced by Weibull distribution with given dispersion parameters.
First, the effect of the void shape on thermal conductivity has been investigated. It is
known that depending on the fracture mechanism and/or manufacturing methods of the
nanocomposites, the defects in the polymer can be formed in various shapes, namely
spherical and penny shapes. Figure 6-7 shows the reduction in thermal conductivity of the
matrix, that is epoxy with Km = 0.188 W/mK, by introducing different defect shapes. It is
observed that the penny shape voids causes greater decrease in the ETC due to their high
aspect ratios. Nonetheless, throughout the rest of the analysis, the voids are assumed to
adopt spherical shapes for the purpose of conservatism and consistency.
Effects of Void Shapes on Thermal Conductivity of Matrix
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Figure 6-7. Effect of the shape of the defects on the thermal conductivity of the matrix. Spherical and
penny-shaped voids are compared.
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Figure 6-8 and Figure 6-9 show comparison of the models developed in this dissertation
on the effective thermal conductivity (ETC) of PNC. The voids are considered to be
penny shaped randomly distributed cracks in the model, with an aspect ratio of 30, and
with a volume fraction of 10%. Simulations were carried out for two different
agglomeration threshold parameters, i.e., agg_th=0.01 and agg_th=0.2. For both the
cases, it is observed that the existence of 10% voids within the composite reduces the
ETC approximately by half. To this end, the influence of the degree of the defects has
also been examined for 0, 1, 5 and 10 percent void content, shown in Figure 6-10.
Comparison of Developed Models
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Figure 6-8. Effect of voids on the effective thermal conductivity of PNC, produced by the MCFEA, based
on Weibull distribution with agg_th = 0.01 and vf2_min = 0.7.
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Comparison of Developed Models
with agg_th = 0.2 and vf2_min = 0.7
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Figure 6-9. Effect of voids on the effective thermal conductivity of PNC, produced by the MCFEA, based
on Weibull distribution with agg_th = 0.2 and vf2_min = 0.7.
Keff vs SWCNT vf for Various Void Contents
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Figure 6-10. Effect of void content on the effective thermal conductivity of PNC, produced by the
MCFEA, based on Weibull distribution with agg_th = 0.2 and vf2_min = 0.7.
Sensitivity analysis has been performed to determine the impact of the void content in a
PNC in detail. Void volume fractions up to 10 percent with 1 percent increments are
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included in nanocomposites with two different SWCNT volume fractions for given
dispersion parameters (agg_th and vf2_min), as shown below in Figure 6-11.
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Figure 6-11. Sample variations of ETC w.r.t. void content, with vf2_min=0.7.
6.3. Experimental Data Comparison
To assess the quality and consistency of the MCFEA developed in this dissertation,
experimental comparison of the numerical simulations is essential. In this section,
experimental data reported in several pertinent studies in the literature are compared with
the values derived using the MCFEA. For each comparison, appropriate assumptions are
made based on the experimental characteristics pertaining to manufacturing, treatment
and processing of the nanocomposites. Following are the detailed comparisons of the
numerical results derived by the MCFEA with the data obtained from relevant
independent experimental studies.
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Effect of Impurities
The effect of SWCNT purity on the thermal conductivity of polymer nanocomposites was
studied, utilizing raw and purified nanotubes by Yu et al. [95]. The purified SWCNTs
were produced via acid treatment followed by high speed centrifugation, which removed
most of the impurities. Tests were conducted with nanotube content up to 9 percent in
weight in epoxy with Km=0.201 W/mK. Thermal conductivity values determined by the
proposed MCFEA are compared to the experimental data. Performance of the MCFEA is
also assessed via exhibiting the results obtained by the Hatta-Taya method and the
MCFEA with no agglomerates.
The authors reported that the nanotubes are not surface processed; hence the SWCNTs
possess poor dispersion characteristics. As a result, the agglomeration threshold
parameter (agg_th) is assumed to be 0.01, which means that nanotubes begin forming
clusters at 1 percent volume content within a material region, namely a finite element.
The minimum nanotube content in an agglomerate (vf2_min) is assumed to be 0.6 based
on the work presented by Keblinski [186]. Further, the thermal interface resistance is
taken as 0.11x10-8 m2K/W yielding an effective thermal conductivity of SWCNT of 75
W/mK, lower limit value reported by Bryning et al. [114] in Section 6.1. Weight fraction
quantities are converted to volume fractions; thus they can be assigned in the model
developed in this dissertation.
Figure 6-12(a) compares the results with standard deviations from this study to that
obtained by the No-Agglomeration-MCFEA, which assumes uniform dispersion yet, only
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poor distribution. The results from the novel approach are given in Figure 6-12(b) with
standard deviation of plus/minus one. It can be clearly seen that the proposed approach
meets the experimental data with a greater accuracy. Figure 6-12(c) shows the mean
value results of all the compared methods.
Figure 6-13 presents the sample probability density functions of the Weibull distributions
that are used to generate the random SWCNT weight fraction (wfr) values. The values
are then employed by the MCFEA for the comparison given in Figure 6-12. The plots
correspond to the wfr mean values equaling to 1, 2.4, 4.8, 7 and 9 percent. Horizontal
axis shows the total values of the SWCNT wfr in percentage, and vertical axis is the
overall number of wfr generated.
In the paper of Yu et al., the nanocomposites prepared with raw nanotubes have 60
percent of purity. This indicates that 40 percent of the carbon content are impurities
existing in the structures. The authors state that these impurities are mostly composed of
amorphous carbon (a-C). Thermal conductivity of a-C is significantly lower than
SWCNTs. Marques and Lacerda [197] report that thermal conductivity values of a-C can
vary from 0.3 to 10 W/mK. In this regard, better estimation was suggested by Hurler et
al. [198] after studying micro films made up of a-C. They found that most samples have a
thermal conductivity of approximately 1 W/mK. The other variables are kept constant. In
the analysis, 40 percent of the SWCNTs were replaced by the amorphous carbon.
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Figure 6-14 (a) and (b) show the results of the MCFEA with pure nanotubes, and the
MCFEA containing impurities, along with their standard deviations, respectively. The
mean values of the MCFEAs are compared in Figure 6-14(c), including that of the Hatta-
Taya method. A significant degree of agreement between the measured results with the
values calculated by the proposed MCFEA is noted. Particularly, the MCFEA that
accounts for impurities exhibits the strength of the developed model in capturing the
thermal conductivity of multi-phase nanocomposites.
Similarly, Figure 6-15 presents the sample probability density functions of the Weibull
distributions that are used to generate the random SWCNT weight fraction (wfr) values.
The values are then employed by the MCFEA for the comparison given in Figure 6-14.
The plots correspond to the wfr mean values equaling to 0.5, 1, 2, 3.9 and 4.8 percent.
Horizontal axis shows the total values of the SWCNT wfr in percentage, and vertical axis
is the overall number of wfr generated.
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Figure 6-12. Thermal conductivity of PNC as a function of SWCNT weight fraction of purified nanotubes
in comparison with the values computed by the MCFEA.
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Figure 6-13. Weibull pdf of the computed values used in the comparison (purified SWCNT). Plots
correspond to the SWCNT weight fraction (wfr) equaling to 1, 2.4, 4.8, 7 and 9 percent. Horizontal axis
shows wfr in percentage, and vertical axis is the overall number of wfr generated.
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Figure 6-14. Thermal conductivity of PNC as a function of SWCNT weight fraction of raw nanotubes in
comparison with the values computed by the MCFEA.
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Figure 6-15. Weibull pdf of the computed values used in the comparison (raw SWCNT). Plots correspond
to the SWCNT weight fraction (wfr) equal to 0.5, 1, 2, 3.9 and 4.8 percent. Horizontal axis shows wfr in
percentage, and vertical axis is the overall number of wfr generated.
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Degree of Polymer Crystallinity
Haggenmueller et al. [93] measured the effective thermal conductivity of SWCNT
reinforced composites in terms of nanotube loading utilizing low density polyethylene
(LDPE) and high-density polyethylene (HDPE). They investigated the degree of
polyethylene (PE) crystallinity. Experiments were conducted for PNC samples prepared
with SWCNT weight fractions (wf) of 0.01 and 0.30 in LDPE, and 0.01, 0.05, 0.10, 0.30
in HDPE. They measured the thermal conductivity values reaching 1.8 and 3.5 W/mK for
30 percent loading, respectively. The authors found that the average length and diameter
of the SWCNTs used in their experiments are 445 and 3 nm, respectively.
The proposed MCFEA is first compared to the measured values acquired from PNCs
with LDPE. The LDPE has an experimental thermal conductivity of 0.26 W/mK and
density of 0.92 g/cm3. In the model, the agglomeration parameters used are kept as the
previous comparison; agg_th = 0.01 and vf2_min = 0.6. In their work, Haggenmueller et
al. emphasizes strong influence of the thermal resistance (RK) between the nanotube and
the polymer. They suggest utilizing the finding of Bryning et al. [114] for quantifying the
interfacial resistance value. They estimated the effective thermal conductivity of SWCNT
as 32 W/mK (RK = 0.7x10-8 m2K/W), which is used as an input in the following
comparison.
The comparison of the results computed by the developed model shown in Figure 6-16
(a) offers a high degree of agreement, achieved by the introduction of poor dispersion via
agglomerates along with poor nanotube distribution. Figure 6-16 (b) shows that without
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the agglomerate effects, there is nearly 50 percent discrepancy between the computed and
the measured results. The quality of the matching with respect to a number of numerical
models is emphasized and their corresponding mean values are plotted in Figure 6-16 (c).
Further, numerical evidence to assess this achieved level of compatibility of the MCFEA,
comparison is performed for the HDPE based PNC. The HDPE has a measured thermal
conductivity of 0.5 W/mK and a density of 0.96 g/cm3. It is noticed in the authors’ study
that the thermal conductivity measured for HDPE is considerably greater than that of
LDPE. Notably, this disparity is attributed to the high crystallinity characteristics of
HDPE. The authors hypothesize that the HDPE matrix reduces the interfacial thermal
resistance relative to the LDPE. PE is found to nucleate on the SWCNT in the melt state
and thereby locally increasing the PE crystallinity at the interface. In a HDPE matrix, PE
crystallites are more likely to span between SWCNTs, especially at higher nanotube
loadings.
In accordance with the above evidence, a reduced thermal resistance (RK = 0.37x10-8
m2K/W) is defined in the model per Bryning et al. [114], yielding 58 W/mK of SWCNT
thermal conductivity. Figure 6-17 is the evidence of the superiority of the MCFEA
compared to the Hatta-Taya and the No-Agglomeration-MCFEA. Note that for both
comparisons, the conversion from weight to volume nanotube fraction is performed using
equation ( 6-1 ), mentioned above.
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Figure 6-16. The proposed MCFEA compared with Hatta-Taya model and the experimental values
measured for SWCNT-LDPE composites. Plots (a) and (b) include the corresponding standard deviations,
(c) is plotted with the mean values of the results.
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Figure 6-17. The proposed MCFEA compared with Hatta-Taya model and the experimental values
measured for SWCNT-HDPE composites. Plots (a) and (b) include the corresponding standard deviations,
(c) is plotted with the mean values of the results.
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Effect of Voids
Xu et al. [97] conducted experiments to predict the thermal properties of SWCNT-PVDF
composites up to 49% nanotube loading. Thermal conductivity of PVDF was measured
as 0.233 W/mK. The samples used in the experiments are produced with aqueous
surfactant solution. Therefore, significantly low measured conductivities are expected
based on the work of Bryning et al. [114]. They reported that RK of surfactant-processed
SWCNT-polymer composite is approximately 2.6x10-8 m2K/W, which corresponds to an
equivalent NT thermal conductivity of 3.2 W/mK. The experimental results and the mean
values calculated by the MCFEA are shown in Figure 6-18(a).
It is seen by examining the results that the discrepancy between the numerical and the
experimental values increases after 10 percent nanotube loading. This unexpected pattern
is attributed to the large number of junctions among SWCNTs by Xu et al. Such
incompatibilities result in high concentration stress points and are followed by debonding
of the interface, particularly voids, as suggested by Hatta et al. [192]. They demonstrated
that volume fraction (vf) of such voids can reach as high as 12 percent. In that regard, the
effect of the voids is accounted for by introducing voids into the MCFEA. The voids are
assumed to have zero thermal conductivity value, and to exist at 10 percent of the local
SWCNT vf. The generated results are plotted in Figure 6-18(b). The MCFEA with voids
gives enhanced compatibility with the experimental findings. Figure 6-18(c) compares
the mean values of the numerous methods considered in the analysis. Figure 6-19 shows
the pdf of Weibull distributions used to numerically generate the random vf values,
compared to the corresponding experimental results.
161
a)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
0 5 10 15 20 25 30 35 40 45 50
Vf (%)
K
ef
f(
W
/m
K
)
Xu
MCFEA
b)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
0 5 10 15 20 25 30 35 40 45 50
Vf (%)
K
ef
f(
W
/m
K
)
Xu
MCFEA w/ Voids
c)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
0 5 10 15 20 25 30 35 40 45 50
Vf (%)
K
ef
f(
W
/m
K
)
Hatta-Taya
No Agglomeration
MCFEA
MCFEA w/ Voids
Xu
Figure 6-18. The proposed MCFEA compared with the experimental values measured for SWCNT-PVDF
composites. Plots (a) and (b) include the corresponding standard deviations, (c) is plotted with the mean
values of the results.
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Figure 6-19. Weibull pdf of the computed values used in the comparison. Plots correspond to the SWCNT
volume fraction (vf) equal to 5, 10, 19, 29, 39 and 49 percent. Horizontal axis shows the total values of the
SWCNT vf in percentage, and vertical axis is the overall number of vf generated.
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Networks of SWCNTs
Du et al. [96] presented a particular fabrication method for SWCNT reinforced PNCs.
Heterogeneous distribution of nanotubes were created by coagulation method, which
possesses an interconnected SWCNT-rich phase within an epoxy matrix. First, a
freestanding nanotube framework was prepared by removing the polymer matrix from
SWCNT-PMMA (poly methyl methacrylate) composite by nitrogen gasification, and
then epoxy resin was infiltrated and cured (Figure 6-20). They produced nanocomposites
with loadings reaching 7 percent in weight and measured their thermal conductivities.
Infiltrate
epoxy resin
Nitrogen
gasification
Figure 6-20. Schematic of the coagulation method. Reproduced from [96].
The thermal conductivity of the pure epoxy used is 0.18 W/mK as found in the study of
the same authors. Further, the conductivity of the SWCNT is given in the vicinity of 30
W/mK in their paper. This value was corroborated by the work of Hone et al.[183]. They
fabricated high purity, densely packed SWCNT mat formations and achieved an effective
thermal conductivity of 35 W/mK. It is also noticed that this value exactly corresponds to
the aforementioned mean value of the thermal conductivity (with RK = 0.24x10-8
m2K/W), measured by Bryning et al. [114]. Hence, 35 W/mK of SWCNT is used in the
MCFEA in this comparison.
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The numerical results from the simulations are compared to their experimental results.
For the sake of consistency, the agglomeration parameters used are again kept constant;
agg_th = 0.01 and vf2_min = 0.6. In their results, Du et al. present the measured values
with 15 percent accuracy, which is shown with the error bars in the following figures.
Figure 6-21(a) shows a comparison between the experimental values to the No-
Agglomeration-MCFEA with the standard deviation of plus/minus one, which does not
consider the dispersion effects, i.e., no agglomerations. The results from the novel
approach are given in Figure 6-21(b) with plus/minus one sigma. It is found that the
proposed approach falls in the range of the experimental data with a greater accuracy.
Figure 6-21(c) plots the mean value results of all the compared methods, including Hatta-
Taya’s. Examining these numerical results, the trend obtained by the MCFEA yields a
satisfactory enhancement.
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Figure 6-21. The proposed MCFEA compared with the experimental values measured for SWCNT-epoxy
composites. Plots (a) and (b) include the corresponding standard deviations, (c) is plotted with the mean
values of the results.
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Without the Effect of Agglomeration
Liu et al. [98] studied the thermal conductivity of a PNC by introducing CNTs into a
silicone elastomer. They tested samples with nanotube loadings of 0.8, 2.3 and 3.8 weight
percent. The CNTs used are purified and grown by chemical vapor deposition. While
highlighting the difficulty in nanotube dispersion in the matrix, they reported no notable
CNT agglomerates. They added that the CNTs were distributed individually in random
orientation. To this end, a comparison is performed between numerically computed
values by the proposed MCFEA and the experimentally measured values. The
agglomeration parameters used are agg_th = 0.01 and vf2_min = 0.6. Further, the thermal
conductivity of the nanotubes is assumed to be 75 W/mK, in accord with the work of
Bryning et al. [114]. Liu et al. reported that value for the silicone elastomer as 1.1 W/mK.
Figure 6-22(a) compares the measured values to the computed ones by the MCFEA with
nanotube agglomerates. Figure 6-22(b) presents the results of the No-Agglomeration-
MCFEA, which does not consider the dispersion effects but only poor distribution. The
comparisons are given for a standard deviation of plus/minus one. In view of the
numerical evidence, it can be concluded that the proposed approach without the effect of
the agglomerates meets the experimental findings with a greater accuracy. Further, this
conclusion supports the author’s statement on the nanotube dispersion – no notable
agglomeration observed. Figure 6-22(c) shows the mean values computed by all the
numerical methods, including Hatta-Taya’s. Conclusively, the No-Agglomeration-
MCFEA yields more acceptable results in agreement with the experimental information.
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Figure 6-22. The proposed MCFEA compared with the experimental values measured for SWCNT-
silicone elastomer composites. Plots (a) and (b) include the corresponding standard deviations, (c) is plotted
with the mean values of the results.
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6.4. PNCs with Aligned SWCNTs
Thermal conductivity of polymer nanocomposites is directly linked to the orientation of
the nanotubes. It has been shown that PNCs with randomly oriented SWCNTs fail to
reveal the full potential of the thermal conductivity of the nanotubes. The potential of the
carbon nanotubes can be exploited to the highest degree when they are uniaxially aligned,
due to their large aspect ratios. Therefore, it is of great interest to investigate the
properties of PNCs with aligned SWCNTs. Nanoscale dimensions make it more
challenging to achieve desired nanotube alignment in polymers, compared to the
randomly oriented ones. Nonetheless, several production techniques can be applied to
align the SWCNTs, such as using magnetic or electric field. In addition, only a few
attempts have been made to model the aligned PNCs [145], [199–205].
In this regard, this section expands the MCFEA developed in the previous chapters, and
attempts to predict the effective thermal conductivity of polymer composites reinforced
with aligned SWCNTs. Specifically, the Hatta-Taya method, used in each finite element
for homogenization, is modified to implement the nanotube alignment [180]. The
SWCNTs is assumed to be perfectly aligned in the direction of the heat flux (Figure
6-23).
The average disturbance of temperature gradient in the matrix defined by equation ( 5-17
) in Section 5.2 is recast to account for the perfectly aligned inclusions as
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The quantity cniQ is related to the assumed distribution functions of the inhomogeneities
in the composite. For perfect alignment with isotropic ellipsoidal inclusions
( 11 22 33S S S  ), the overall composite becomes transversely isotropic. Hence, the term
given by the equation ( 5-26 ) can be expressed as
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Note that the subscript 3 represents the longitudinal direction, the subscripts 1 and 2 are
in transverse directions. Finally, the effective thermal conductivity of the composites with
aligned inclusions, ijK can be computed by the equation ( 5-27 ).
For simplicity and comparison reasons, the aligned PNCs studied in this dissertation have
good dispersion characteristics; that is no nanotube agglomerations are considered
(Figure 6-23). However, the spatial randomness in nanotube distribution is taken into
account in the MCFEA by assuming Weibull distribution throughout the composite.
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Figure 6-23. Left – A theoretical model for perfectly aligned inclusions embedded in the matrix [180].
Right – Schematic showing a finite element, comprising matrix and aligned individual SWCNTs.
The simulations are performed for SWCNTs with an aspect ratio of 150. As discussed in
Section 6.1, the interfacial thermal resistance is also taken into consideration. The
thermal conductivity (K) of the SWCNTs is therefore assumed to be 75 W/mK. The
polymer is chosen to be epoxy with K=0.2 W/mK.
First, the results are obtained for the composite with randomly oriented SWCNTs for
comparison purposes. The details on such PNCs are discussed and analyzed in previous
sections. Figure 6-24 shows the variation of Keff of the PNC with respect to SWCNT
volume ratio; evaluated by the Hatta-Taya method, and by the MCFEA with
corresponding standard deviations. Figure 6-25 shows the change in Keff for the PNCs
with aligned SWCNTs. The plotted results are for the longitudinal direction in which the
nanotubes are aligned. It is noticed that the values obtained by the Hatta-Taya method
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behaves almost linearly with the SWCNT volume fraction. This is attributed to the high
aspect ratio of the nanotubes. Their effect is more pronounced in the direction of the
alignment, which is not observed for the randomly oriented nanotubes. When the
nanotube aspect ratio is high, the behavior of the Hatta-Taya model converges to that of
simple rule of mixture. However, the reduction in the resultant values can still be
observed due to the random spatial distribution. In summary, the thermal conductivity of
the PNC is improved when the SWCNTs are aligned.
Figure 6-26 and Figure 6-27 make direct comparisons of the effective conductivities
between the PNCs with randomly oriented and aligned SWCNTs. The results show the
Keff behaviors, produced by the Hatta-Taya method and the proposed MCFEA,
respectively. In the figures, the suffixes LL and TT represent the longitudinal and
transverse directions, respectively.
It can be seen that the values are greatly improved for the PNC with aligned SWCNTs in
the longitudinal direction. The increase is approximately twice of the random SWCNT
case. However, no substantial enhancement is observed in the transverse direction. This
can be attributed to the fact that the aspect ratio of the nanotubes in transverse direction
has considerably low value. Even though the SWCNTs are assumed to be isotropic, the
final composite becomes transversely isotropic because of the nanotube alignment with
high aspect ratios. This suggests that the isotropic nanotube assumption is reasonable.
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Figure 6-24. The proposed MCFEA compared with Hatta-Taya method. SWCNTs are randomly
distributed in polymer. Solid lines are the corresponding standard deviation of the MCFEA.
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Figure 6-25. The proposed MCFEA compared with Hatta-Taya method. SWCNTs are aligned along the
length but distributed randomly in polymer. Solid lines are the corresponding standard deviation of the
MCFEA.
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Figure 6-26. Comparison of randomly distributed and aligned PNCs, produced by Hatta-Taya method.
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Figure 6-27. Comparison of randomly distributed and aligned PNCs, produced by the proposed MCFEA.
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Chapter 7
7. Behavior of PNCs in Thermal Cycling
Having superior thermal properties over conventional materials, polymer nanocomposites
are quite appealing as micro components in thermal and electrical applications. These
components are typically subjected to large repetitive temperature variations. The stresses
and strains induced by such temperature cycling cause thermal fatigue damage in PNCs.
This damage is defined as gradual property degradation, which results from voids
existing in PNCs. Consecutively, the progressive fatigue damage is considered to
accumulate as the void content increases due to thermal cyclic loading. This chapter
proposes a novel approach for simulating the long-term performance of PNCs.
Temperature cycling is applied to a constrained polymer coupon containing SWCNTs
and pre-existing voids. A Weibull-based model is adopted for the gradual progress of the
void content. PNC properties are calculated in each thermal cycle by homogenization
methods. Degradation of the PNC properties and the consequent PNC life are determined.
Extensive parametric studies are performed. Pertinent theoretical and numerical
backgrounds are also provided.
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7.1. Thermal Fatigue and Failure Criteria
Increased use of polymer based composites reinforced with carbon nanotubes (PNCs) has
prompted extensive research in estimating their properties, such as mechanical and
thermal. The majority of the efforts have been devoted to predict their properties in
constant equilibrium or static conditions. However, their long term behavior has been
much less investigated. This chapter focuses on the long term performance of the PNCs.
Fatigue
During their time of service, most engineering materials are subjected to cyclic or
alternating loads. Cyclic loading causes damage and material degradation in a cumulative
manner - phenomenon known as fatigue. When this progressive damage accumulation
occurs due to large temperature variations and repetitive thermal loading, it is called
thermal fatigue. Continuously regenerated stresses and strains are induced by this thermal
cycling. Their quantities are less than the values required to fracture the material in a
monotonic load testing. Nonetheless, they can exert substantial influence on the material
properties in long-term exposure.
The mechanism of fatigue for metals is relatively well established. However, it is
extremely complicated for polymer composites due to their inherent inhomogeneities and
anisotropy. The complexity in damage process increases even further for the PNCs due to
their nanoscales. In general, fatigue response of composites includes progressive change
in the state of the material, the interactions of their constituents, and the changes in their
properties, e.g., elastic modulus and thermal conductivity. Therefore, understanding the
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damage mechanisms, remaining properties, and expected life is crucial if the composite
materials are to satisfy long-term performance requirements. In this regard, this chapter
attempts to estimate the life and performance of PNCs under thermal fatigue loading.
Failure Criteria
Fatigue life of materials is associated with the premature failure or damage of a
component under repeated mechanical or thermal loading. Catastrophic failure takes
place when the amount of damage exceeds a critical value. For instance, assuming cyclic
loading is applied to a polymer composite used as a structural member. It yields an
alternating stress, which is lower than its ultimate strength. The fatigue damage growth
then leads to deterioration in strength of the composite. Finally, the failure is considered
to occur as the material loses its load carrying capacity, and subsequently the residual
strength equals the applied load. This failure process is shown in Figure 7-1 [206].
Figure 7-1. Degradation of composite strength. Failure occurs when residual stress meets cyclic stress.
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As presented in the above example, strength is one of the well-known failure criteria used
in engineering applications. However, the strength-based failure criteria suffer from a
number of weaknesses. The assessment of the remaining strength is solely dependent on
destructive testing. Therefore, an extensive and costly experimental characterization is
required to predict the strength degradation. Further, when the slowly accumulated
damage reaches near the fracture point, the composites can undergo sudden failure. This
phenomenon results in inaccuracy in the measurements [207], [208].
Depending on the design specifications, various other fatigue damage or failure criteria
can be enforced to define the life of the polymer composites. Each application requires a
distinct failure criterion, or a combination of such criteria. The fatigue criteria may
involve the degradation of the mechanical or thermal properties of PNCs, such as elastic
modulus, coefficient of thermal expansion (CTE) and thermal conductivity. In other
words, if any selected property falls below a specified value, the component is considered
to be failed or damaged. In particular, stiffness-based fatigue criteria are useful for
monitoring the structural property degradation of the composite materials, as they can be
tracked by non-destructive testing (NDT). The response of the material reveals the
changes in stiffness associated with the fatigue damage [209]. In case of thermal fatigue,
assessment of degradation in CTE may also be critical, as the induced thermal strains
affect the displacement-controlled composite designs. Similarly, the damage criteria can
be on thermal conductivity basis. The deterioration of the conductivity results in poorer
heat removal from a composite, whose performance is reduced by overheating. All of the
mentioned criteria are eventually used to predict the remaining life of the composite.
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Note that, the assumed failure criterion must be the most critical mechanism and it must
have more influence over the component than any other criteria. In other words, the
material must be pronounced as failed, first by that assumed criterion.
7.2. Damage Mechanism and Evolution
Whether it is metal or composite, the fatigue damage process can generally be divided
into two major phases – initiation and propagation. For metals, the initiation portion
includes the development and the early growth of a small crack, which then propagates
until the failure. Most of the fatigue life is spent in the initiation of a single dominant
crack [210]. On the contrary, the heterogeneity of the reinforced polymer composites
leads to a mixture of damage modes. The damage initiation starts with matrix cracking
and/or micro voids; followed by interfacial debonding between the matrix and the
inclusion, and breakage of the reinforcement. Further, if the composite is laminated, it
can evolve from delamination between the plies. The progressive development of damage
can emerge from the increase of initial damage, or from the initiation of new damage
types [207], [211]. In this context, characterization of the damage mechanism is highly
essential in the development of fatigue models for composites, particularly for PNCs.
Proper experimental observation of the damage progression is a key element in modeling
the fatigue life of composites. For instance, Stinchcomb and Bakis [209] investigated the
fatigue behavior of a fiber reinforced composite under cyclic loading. Figure 7-2 shows
the change in stiffness with respect to number of cycles, under tension-tension loading.
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Three distinct damage stages can clearly be identified. Stage I is characterized by the
initial decrease in stiffness induced primarily by matrix cracking. Stage II is the
intermediate stiffness reduction period caused by further matrix cracking, crack
couplings, and internal delaminations. Finally, in Stage III, growth of the previous
damages and fiber breakages result in rapid decrease in stiffness of the composite.
Figure 7-2. Stages of stiffness reduction during fatigue life.
Another study done by the same authors investigates the influence of the load level on the
stiffness change of composites, shown in Figure 7-3. The composites were subjected to
completely reversed tension-compression loadings. High degree of similarities in the
fatigue behavior was observed for both tensile and compressive loading. Low stress level
yields to long life and high stress level results in short composite life. Further, regardless
of the life, both loadings show similar behaviors over their fatigue life.
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Figure 7-3. Effects of fatigue loading on stiffness change, for tensile and compressive loadings.
Matrix Cracking
Notice that Stage I of both experimental studies cover approximately ten percent of the
over all fatigue life of the composite. This phenomenon has been emphasized by several
other researchers, as well. Hansen [212] investigated the fatigue damage development of
glass fiber reinforced composites. Figure 7-4 shows the experimentally measured
stiffness reduction. The author divides the damage evolution into two phases. Phase I is
referred as the development of micro-cracking part, which occupies approximately 20
percent of the total fatigue life. Stiffness degradation only occurs due to micro cracks or
voids during Phase I, and continues until they become saturated. Followed by Phase II,
the stiffness reduction is further assumed to take place because of other damage
mechanisms, such as crack interactions and fiber breakage.
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Figure 7-4. Experimentally measured modulus change in fatigue. Reproduced from Hansen [212].
Naik et al. [213] conducted fatigue experiments in an attempt to characterize the stiffness
loss progression. Figure 7-5 shows the deterioration in normalized stiffness plotted on a
semi-log scale. Region I of the curve is dominated by the evolution of matrix cracking,
which corresponds to nearly 15 percent of the entire life.
Figure 7-5. Experimentally measured stiffness loss in fatigue [213].
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As pertinent literature studies show, formation of micro cracks/voids dominates the initial
stage of the fatigue damage. The micro defects thereby cover the first 10 to 20 percent of
the total life of the polymer composites. The transition point between the first and the
second stages is controlled by a phenomenon known as characteristic damage state
(CDS). In the course of cycling loading, the pre-existing cracks or voids increase in
number fairly fast. The rate of this increase eventually slows down and reaches a constant
value. This saturation level provides an upper limit for micro-cracking, and is called
CDS. The CDS is governed by the properties of the matrix and the environmental
conditions. The damage progressing after the CDS is believed to emerge from other
damage mechanisms [211]. The schematic of the mentioned damage stages during fatigue
life of a composite is represented in Figure 7-6.
Figure 7-6. Damage progression during fatigue life of a composite. Reproduced from Reinsnider [211].
In engineering practice, codes and regulations impose strict safety design factors,
particularly on structures that are subjected to fatigue loadings. For instance, Det Norske
Veritas (DNV) is one of the well recognized foundations, servicing for maritime and oil
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industries. The code DNV-OS-F101 recommends a safety factor of 10, for the design of
structural members against fatigue [214]. This procedure has motivated the focus, in this
chapter, on the investigation of the Stage I damage evolution that solely involves matrix
cracking and void nucleation.
Damage Evolution
As the nature of the damage evolution, new cracks and voids are formed at each cyclic
loading. The local stresses that create the micro defects permanently yield the matrix
locally around them. This leads to the change in local stress distribution, and the damage
thus remains localized in a comparatively small volume. As a result, the structure keeps
its integrity and the certain portion of the load-carrying capacity. Consequently,
composite materials have potentially greater resistance against fatigue than other
common materials. The energy, which is fed into the system during cycling loading, is
distributed by the formation of micro cracks/voids. This phenomenon especially holds for
brittle matrices in which a great number of cracks form and grow, improving the fatigue
behavior due to energy dissipation. Tough matrices fail under high stress or strain and the
crack formation is fairly complex. This causes shear stress concentration on fiber-matrix
interface which leads to debonding, slippage and fiber breakage. This damage mechanism
is more dangerous than high micro crack formations in brittle matrix [215–217].
Stress concentrations and large strains are generated locally in the vicinity of the existing
defects, which comprise inclusions, pre-existing cracks and cavities. They yield inelastic
behavior at micro level, even though the polymer composite behaves elastically under
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cyclic loading. Eventually, voids are nucleated and arrested due to local plastic
deformations [188]. This behavior is shown in Figure 7-7. The schematic represents the
formation of micro cracks and voids under tensile and compressive loading.
Figure 7-7. Development of micro voids and cracks under tensile and compressive loading.
The influence of micro voids are more pronounced in particle reinforced polymer
composites. Unlike continuous fiber composites, tremendous amount of micro or nano
inclusions exist in particle composites. The importance, thus, stems from the fact that
each inclusion can potentially act as a crack originator. The cracks are initiated at the
inclusion tips or at abrupt kinks, due to local stress concentrations. The local stresses
stem from the differences between the properties of the matrix and the inclusion; e.g.,
elastic modulus and coefficient of thermal expansion. After a crack nucleates, it is
confined as voids in the vicinity of the source because of local plastic deformation. In the
event of fatigue, the number of voids increases at each load cycle. Micro cracking occurs
both in tensile and compressive fatigue. The crack/void initiation and growth behave
essentially in similar manner. In case of compressive loading, the cracks are also
nucleated by local tensile stresses. Further, it can be said that the number of confined
voids are higher in compression than in tension, due to the nature of loading [218].
185
Fu et al. [219] investigated the effect of temperature on matrix cracking. Figure 7-8
shows the crack/voids development in a particle reinforced composite as the change in
temperature increased. Thermal mis-match between the phases causes local stress
concentrations, thus leading crack nucleation on and in the vicinity of the inclusions.
Figure 7-8. Development of micro voids and cracks induced by thermal stress.
(a) ΔT=20 °C; (b) ΔT=260 °C; (c) ΔT=320 °C; (d) ΔT=620 °C. Reproduced from [219]. 
Manjunatha et al. [220] studied the fatigue induce of nanoparticle-reinforced epoxy.
Figure 7-9 (a) is the SEM image of the neat epoxy, revealing a void-free fracture surface.
The smooth surface is the indication of a brittle failure mechanism. Figure 7-9 (a) and (b)
show the fatigue fracture surfaces of the reinforced epoxy in various magnifications. The
rough surface gives evidence on the ductile failure, which is accordance with the energy
dissipation during fatigue damage progress. Nano-scale voids are observed in the vicinity
of the nanoparticles. It is noticed that the number of voids increased during fatigue
loading. They plastically deformed the epoxy and became arrested. The authors reported
that the fatigue void growth rate of the particle reinforced epoxy is over an order of
magnitude lower than that of neat epoxy.
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Figure 7-9. High resolution SEM images of the fatigue fracture.
Long and Zhou [221] performed thermal fatigue experiments on particle reinforced metal
matrix composite (PMMC). They found that fatigue damage takes place in the form of
voids and debonding at the matrix/inclusion interface.
Figure 7-10. SEM images of PMMC before and after thermal loading. Reproduced from [221].
Polymer nanocomposites (PNC) have been receiving considerable attention from
scientists and engineers in thermal applications, such as micro components [49], [50]. A
few examples may include integrated circuits; e.g., central processing unit (CPU), chipset
and graphic card. These parts are especially susceptible to temporary malfunction or
permanent failure due to overheating, which is generated by computers. To this end,
continuous heat removal is important to keep such components within allowable
operating temperature limits during their service lives. Additionally, their structural
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integrity must be sustained under the continuous thermal stresses and strains, during
heating and cooling periods. In this respect, the thermal conductivity and the coefficient
of thermal expansion (CTE) of the PNCs must be designed and controlled with great
care. This consideration is motivated by the fact that while low CTE is associated with
reduced stress or strain, higher conductivity promotes greater heat removal.
It has been shown previously in this dissertation that the existence of manufacturing
induced voids decrease the properties of PNCs. When a PNC component is constrained,
the increase in temperature induces internal compressive stress. The number of voids is
known to grow, as this thermal stress is increased. Subsequently, the void content
gradually increases with cyclic loading, as the number of thermal cycles increase. Fatigue
causes progressive degradation of the properties of polymer nanocomposites. This
chapter investigates the thermal fatigue behavior and damage progression, as the PNC is
subjected to thermal cycling.
7.3. Fatigue Analysis Methods
Throughout their fatigue life, reinforced polymer composites experience rather complex
damage developments. Mechanisms, such as matrix cracking, particle/matrix debonding,
and fiber fracture, demand more elaborate fatigue models. Naturally composite materials
are inhomogeneous. They may contain constituents which have distributions, properties
and responses highly distinctive from each other. Further, anisotropy of composites
makes the determination fatigue response and failure resistance quite complex and
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challenging. To this end, proper anticipation of the property degradation and life of
components made from such materials is required. This section proposes a
micromechanics-based damage accumulation model to understand the long-term behavior
of polymer nanocomposites in temperature cycling.
Before scientists and engineers developed analytical methods for predicting the fatigue
life, they used basic empirical approaches for presenting experimental fatigue data. The
most important one is the S-N diagram where constant cyclic stress amplitude, S is
applied to a specimen. The number of loading cycles, N is counted until the specimen
fails [222], [223]. S-N curves are obtained by conducting a number of experiments on
samples of a material called coupons. Sinusoidal loads are applied to coupons by the
machine while counting the number of cycles. Millions of cycles may be required to
achieve fracture. In certain times coupon may not fail at specified number of cycles.
Therefore, to prevent infinite cycling, tests are terminated at a limiting number of cycles,
which is commonly 106 or 107. Each fatigue test is conducted with a different stress
range, which in turn generates a point on the plot. Then, the S-N curve is created by the
best line of these points.
In certain materials, such as steel, the S-N curve flattens out as the number of cycles
increase (curve A in Figure 7-11). That stress value is referred as endurance limit at
which failure does not occur no matter how long the material is tested. However, for
materials like aluminum there is no endurance limit, and the coupon fails eventually
(curve B in Figure 7-11). S-N diagrams can also be successfully applied to composite
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systems. Yet, it is noted that the data obtain in composite fatigue experiments may be
more scattered due to the natural randomness of composites.
Figure 7-11. Basic S-N behavior of two distinct materials – (A) Steel, (B) Aluminum.
Heterogeneous structure and complex damage mechanics of composites demand more
elaborate and complete models to understand their fatigue response. Representation of the
damage stages, remaining properties, and expected life is vital for long-term performance
and design of the composite materials, particularly for nanotube reinforced composites.
Further, as a result of the complex nature of the composites, it is difficult to predict their
behavior by detailed fracture mechanics methods. Therefore, in pursuit of predicting the
life of composites in cycling loading, continuum damage mechanics models have
emerged to be preferable due to their practical application in composite damage analysis
[207], [224–226].
Continuum damage mechanics (CDM) focuses on the overall response of the composite
by damage degradation, rather than internal fracture mechanics. In this regards, the
composite is treated as a homogenous body. The damage is defined as a variable, which
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is a measure of the degradation of the component. By the help of experimental
observations, the evolution of the damage can be associated with the macroscopic
properties of the composites, such as elastic modulus. This phenomenological CDM
model was first proposed by Kachanov [227], and has been extensively used for
modeling creep and fatigue damage by several researchers [224], [228–230]. Its practical
use comes from the fact that it does not involve complex fracture or crack propagation
theories. It only seeks to establish a relation between the composite properties and the
level of damage. Further, phenomenological CDM models are particularly suited
especially for Stage I damage state, where the predominant damage mechanism is
homogenously distributed micro voids or cracks. However, lack of micro-structural
information, including morphology and evolution, and strong experimental dependence
impose limitations on the use of these phenomenological CDM models for an accurate
prediction of the damage progression.
The general approach in CDM is to define a scalar variable, D ranging from 0 to 1, which
describes the overall damage of a component. As the material undergoes a cyclic loading,
the damage D changes from 0 (undamaged) to 1 (failure). Experimental observations are
required to make a correlation between the damage and the material properties. The most
common way is the measurement of elastic modulus, as it can be achieved by non-
destructive techniques. A simple damage parameter, D can be presented in terms of
stiffness as
1 ED
E
  , ( 7-1 )
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where E is the effective elastic modulus of the material, and E is the elastic modulus of
the undamaged material. Failure is defined when D reaches the critical damage. The
concept of failure depends on the specified failure criterion.
Efforts have been devoted to the development of detailed models for evaluating the
macroscopic damage of composites. In this regard, micromechanical methods are
incorporated into the continuum damage mechanics (CDM) models to account for the
micro-structure. The model utilizes the concept of a representative volume element
(RVE), whose behavior is assumed to describe the whole composite system. The damage
is directly characterized by correlating it with internal state variables within an RVE.
These damage variables are represented by discrete internal entities, such as defects,
voids, cracks. Consequently, the micromechanics homogenization is employed to obtain
the degraded properties of the RVE with the damage variables and the constituents of the
composite. While a relatively superior accuracy can be achieved by the micromechanics
techniques, characterization of the damage parameter variations is still based on
experimental observations on the microscale. Therefore, the relationship between the
internal damage variable and the overall damage of the component can be established
through the micromechanical model. On that account, numerous researchers have
adopted this approach. Nemat-Nasser and Hori [218] evaluated macroscopic damage by
averaging over the micro structural parameters. Choi and Tamma [231], [232] predicted
macroscopic damage as stiffness degradation by averaging micromechanical variables.
Araki and Sato [233] took into account the distribution of micro voids and cracks into the
micromechanical damage model for determining the macroscopic material properties.
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Fan et al. [234] further studied the elastic properties of a composite material, considering
the effect of void geometry as damage parameter.
Regarding to the variables associated with damage accumulation, both phenomenological
and micromechanics based continuum damage mechanics models rely on statistical
representation, which is characterized by the experimental analysis. Sun et al. [235],
[236] used the transverse strength of laminated composites as the damage variable to
calculate fatigue failure probability. Berthelot et al. [237] evaluated the fatigue life of a
composite by calculating the strain energy in conjunction with a strength distribution.
Wilkinson et al. [188] related the micro void density to the fatigue life, based on strain
energy density of the composite. In contrast, cumulative fatigue damage accumulation
performed by Wu and Li [238] represented the damage variable as micro flaw size. The
change in the number of flaws is associated with the cumulative damage. Due to their
unique nano-scale dimensions, void nucleation and evolution can be most conveniently
founded on strain energy based approaches. This is as a consequence of the difficulty of
extracting the individual stress/strain information of the nano-scaled inclusions. Further,
strain energy based models involve the dependence on the volume fraction of the
inclusions – both nanotubes and voids. This aspect facilitates the use of homogenization
methods, such as Eshelby-based, for determining the overall composite properties, and
particularly the influence of voids [239].
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7.4. Proposed Micromechanics-Based Damage Evolution Model
This chapter attempts to develop an alternative model for the purpose of predicting the
property degradation of polymer nanocomposites during thermal cycling, in conjunction
with their life. The proposed model utilizes a micromechanics based continuum damage
model for determining the thermal fatigue damage accumulation. On microscale, the
fatigue damage parameter is characterized in terms of micro void content as void volume
fraction. It is worth noting that the effects of voids on the PNC properties have been
studied in Chapter 6. The results establish substantial evidence such that the presence of
the voids deteriorates the thermal conductivity value of the PNCs.
The proposed damage model incorporates the progression of the void content by means
of a statistical approach, as the damage mechanism. The micro voids are assumed to pre-
exist within the PNC at a certain volume fraction. Further, the voids are considered to
increase in number during fatigue loading, following a random or a deterministic pattern.
In reality, this pattern can be obtained by experimental observation, which is then based
on statistical distribution. In fatigue damage modeling of composites, using Weibull
distribution to represent the damage variable is one of the most well recognized
approaches. Such approaches have been adopted by several researchers. Wu and Li [238],
and Kabir et al. [240] represented the damage mechanism of short fiber reinforced
composites by Weibull distribution function to estimate the cumulative damage. Sun and
co-workers [235], [236] assigned a Weibull distribution to define the transverse strength
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of composite laminates. Wilkinson et al. [188] used the Weibull function to relate the
microvoid density to the number of fatigue cycles.
In this chapter, evolution of the void volume fraction is assumed to abide with Weibull-
based function. The function relates the void volume fraction (vvoid) at each fatigue cycle
to the void fraction value at material failure (vvfail). The Weibull-based equation then
calculates the new vvoid at each cycle through the use of parameters and variables, which
are associated with the effective properties of the PNC.
1
0
0 0 0
expvvoid vvfail
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 
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 
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In equation ( 7-3 ),  is the average strain energy of the nanocomposite, where E is the
effective elastic modulus and  is the average stress in the PNC, computed at each
thermal cycle. The parameters with 0 subscriptions denote the initial values, representing
the undamaged state of the composite.  is the shape parameter, pertinent to the shape of
the distribution. The damage parameter vvoid is then fed into the micromechanical
methods for the calculation of the effective properties of the PNC on the macroscale, at
each thermal cycle. The parameter vvfail is determined beforehand in accordance with the
failure criterion that is defined per the design specifications.
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The proposed damage evaluation model takes advantage of Eshelby’s equivalent
inclusion method (EIM) based micromechanics homogenization techniques. They have
proven to be an exceedingly efficient tool for determining the effective properties.
Previous chapters demonstrated the practical use of the Hatta-Taya model for predicting
the thermal conductivity of polymer nanocomposites. Similarly, in this chapter the same
model is utilized in the thermal fatigue problem. Detailed information and broad
parametric study on the Hatta-Taya model are provided in Chapters 4 and 5.
In pursuing a solution for the thermal fatigue problem, the proposed model incorporates
the average stress and effective stiffness of the PNC. The PNC system simulated in this
work is considered to be constrained. When its temperature is raised, the stress in the
material increases. The coefficient of thermal expansion (CTE) describes how this
thermal stress is related to the change in temperature and the elastic modulus of the PNC.
Basically, this relation can be described by the equation
thermal E T   , ( 7-4 )
where E is the effective elastic modulus,  is the effective CTE and T is the
temperature change.
In the context of estimation of those PNC effective properties, the proposed model
employs the well-known Mori-Tanaka (MT) approach. The Mori-Tanaka’s method has
been used by various researchers for PNCs [82], [123], [241], [242]. Briefly, the MT
model considers a composite which contains randomly oriented, identically shaped
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ellipsoidal inclusions. The average stress,  and strain,  in the composite can be
represented through the stiffness tensor, L , given by the generalized equation
L  , ( 7-5 )
In a similar manner, the average stress and strain in the inclusion and the matrix phases
can be expressed as
r r rL  and 0 0 0L  , ( 7-6 )
where the subscriptions r and 0 denote the inclusion and matrix phase, respectively. Then
the average stress of the inclusion is recast by applying the Eshelby’s equivalent
inclusion principle as
   0 0 0C Cr r r r rL L           , ( 7-7 )
where r
 is the equivalent transformation strain, standing for the misfit strain. Cr
denotes the constrained strain that is reached at equilibrium between the matrix and the
inclusion. Figure 7-12 shows the Eshelby’s approach by visualizing the problem [239].
Figure 7-12. Eshelby’s natural shape mis-match representation between the inclusion and the matrix.
Reproduced from [239].
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Eshelby showed that Cr can be obtained from r
 through Eshelby’s tensor ‘S’, given in
equation ( 7-8 ). The tensor S is calculated in terms of the aspect ratio of the inclusion
and the Poisson’s ratio of the matrix. Further details on the Eshelby’s approach can be
found in Mura [243].
C
r r rS 
 . ( 7-8 )
Subsequently, the average strain in the matrix can be derived from the internal stress
balance equation in the composite.
 0 Cr r rc      . ( 7-9 )
Eventually, Mori-Tanaka [244] develops the equation for the effective stiffness of the
composite as
   
1
0 0 0
1 1
n n
r r r r r
r r
L c L c L A c I c A

 
  
    
  
  , ( 7-10 )
where
 
11
0 0r r rA I S L L L
     . ( 7-11 )
In the above expressions, 0c and rc represent the volume fraction of the matrix and the
inclusion, respectively. The curly brackets denote averaging over all possible inclusion
orientations.
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In regard to the effective CTE of composites, the Eshelby’s method can be modified by
introducing a thermal mis-fit strain as
 0
T
r r T     . ( 7-12 )
Then, equation ( 7-7 ) can be recast as
   0 0 0C T Cr r r r rL L           . ( 7-13 )
The final expression for the effective CTE ( ) is given as
  10 0
1
/
n
r r r r
r
c A L T   

    , ( 7-14 )
where
 0 0 0
1
m
r r r r
r
A L L c S c L

 
    
 
 . ( 7-15 )
The values obtained from the equations ( 7-10 ) and ( 7-14 ) are plugged into equation (
7-2 ) to update the void volume fraction at each thermal cycle. The new vvoid is then
used to calculate the new PNC properties. The simulation is carried out until the degraded
properties of the system meet the design failure criteria. The final property values are the
remaining properties of the PNC, and the last cycle of the simulation denotes its expected
life. The following section describes the application of the proposed model in detail and
presents extensive parametric study.
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7.5. Assessment of Thermal Fatigue Damage
The practical application and effectiveness of the previously developed damage evolution
model for polymer nanocomposites subjected to thermal cycling are assessed in this
section. Specifically, degradation of PNC properties during thermal fatigue as a result of
increasing void volume fraction is studied. Computer simulations have been executed
with the intention of concentrating on the adverse effects of void accumulation, vis-à-vis
abandoning the statistical aspects of the problem. In this respect, the PNC is assumed to
comprise a base matrix, individual SWCNTs and pre-existing micro/nano voids, with
homogeneous distributions and perfectly random orientations.
In the course of simulating the thermal fatigue behavior, the PNC is modeled in the form
of a square coupon with proper boundary conditions. The coupon is longitudinally
restrained at the top and bottom ends, and it is alternately heated and cooled. The change
in temperature (ΔT) is kept constant and assumed to be uniformly applied throughout the 
specimen. When heated, the coupon experiences compressive stress within, associated
with its effective properties – CTE and elastic modulus – along with the applied
temperature difference (equation ( 7-4 )). The magnitudes of these PNC properties are
determined by using the Mori-Tanaka homogenization method, described in Section 7.4.
Similarly, the average strain energy within the coupon is then evaluated by using the
average thermal stress and the effective stiffness (equation ( 7-3 )). Subsequently, the
proposed Weibull-based damage evolution equation is used to compute the void volume
fraction (vvoid) within the coupon (equation ( 7-2 )). At each thermal cycle, the updated
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vvoid value is used to determine all these properties and parameters. Conclusively, the
effective thermal conductivity of the coupon is independently calculated by applying the
Hatta-Taya homogenization method. Similar to the previous chapters, the sides of the
coupon are assumed to be thermally insulated allowing 1-D heat transfer. Figure 7-13
shows the structure of the PNC coupon and the corresponding boundary conditions used
in the simulations.
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Figure 7-13. Schematics of the micromechanics model and the appropriate boundary conditions.
The polymer nanocomposite is modeled as a three-phase media; consisting of a neat
matrix, individual SWCNTs and spherical voids. The voids are assumed to be
individually distributed and spherical in shape. The SWCNTs are considered to be
isotropic regarding their thermal conductivity and expansion coefficient, yet transversely
isotropic in regard to the mechanical properties.
Epoxy polymer is chosen as the polymer matrix, because of its wide range of applications
in engineering. Table 7-1 summarizes the properties of the epoxy used in the micro-
mechanics homogenization methods. The CTE value of the epoxy is from Takahashi et
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al. [245], and the thermal conductivity is from UL IDES database [246]. The isotropic
elastic properties are provided from the study of Zhu et al. [247].
Table 7-1. Properties of Epoxy
Thermal
K (W/mK) 0.2
CTE (1e-6/K) 60
Mechanical
E (GPa) 2.026
ν 0.3 
Table 7-2 presents the SWCNT properties used in the Hatta-Taya and Mori-Tanaka
methods for calculating the effective properties of the PNC. The selected thermal
conductivity value is consistent with the ones used in the previous chapters, which takes
into account the interface thermal resistance. In the simulations, the CTE is treated as a
modeling parameter, rather than a single-value property. In literature, both experimental
and numerical studies conducted by scientists predicted the CTE of a SWCNT ranging
from –10 to +10e-6 1/K [65], [248], [249]. The effect of nanotube CTE is investigated in
the parametric study. As the SWCNT is assumed to be transversely isotropic in terms of
mechanical properties, the five elastic parameters are obtained from the work by Seidel
and Lagoudas [82].
Table 7-2. Properties of SWCNT
Thermal
K (W/mK) 75
CTE (1e-6/K) -10 to +10
Mechanical
E11 (GPa) 704
E22 (GPa) 345
μ12 (GPa) 227
ν12 0.14
ν23 0.3764
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In Table 7-1, K is thermal conductivity; CTE is coefficient of thermal expansion; E is
elastic modulus and ν is Poisson’s ratio. Further, in Table 7-2, E11 and E22 represent the
longitudinal and transverse moduli, respectively; μ12 is the Poisson’s ratio in longitudinal
plane; ν12 and ν23 are the shear moduli in longitudinal and transverse plane, respectively.
The void properties are assumed to have insignificant values equaling to zero. In regards
to the aspect ratios of the inclusions, the voids are regarded as spherical in shape, thus
having an aspect ratio of 1. Similarly, the aspect ratio of the SWCNTs is taken as 150 in
accordance with Chapter 4.
Parametric Study and Sample Application
Initially, a polymer nanocomposite (PNC) coupon is considered, which is composed of
epoxy matrix, individual SWCNTs with content (vf) of 5 percent, and a void volume
fraction (vvoid) of 10 percent of the nanotubes (i.e., 0.5 percent). An alternating
temperature change (ΔT) of 40 degrees is applied to the PNC. In addition, the Weibull 
shape parameter (  ) in equation ( 7-2 ) is assumed to be equal to 15. However, it is
again emphasized here that the value of beta directly relies on experimental observations.
The parameters vf, ΔT and  are treated as variables in the subsequent portions, and their
effects are assessed in this parametric study.
In regards to predicting the thermal fatigue life of PNCs, first the failure criterion must be
defined. The simulations performed in this section focus on the elastic modulus
degradation for the purpose of estimating the thermal fatigue life. Specifically, 10 percent
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reduction in PNC stiffness is considered to be the determining factor. In accord with the
evidence presented in Section 7.2, 10 percent reduction corresponds to the characteristic
damage state (CDS). As previously stated, the CDS is governed by the matrix crack/void
development, which is the focus of the proposed damage model. To this end, the
simulations are terminated when the effective PNC modulus reduces to 90 percent of its
undamaged value.
Then, the development of the void volume fraction is characterized, as outlined by
equation ( 7-2 ). Figure 7-14 shows the progression of the void content during the thermal
cycling of the sample PNC. In particular, plot (a) shows the vvoid values computed at
each cycle, which have a diminishing behavior in time. Plot (b) gives the cumulative void
volume fraction with respect to the number of cycles. The resultant cumulative vvoid
curve converges to a constant value in agreement with the saturation level of the voids, as
explained in Section 7.2.
(a) (b)
Figure 7-14. (a) Void volume fraction created in each thermal cycle. (b) Cumulative void volume fraction
change during thermal cycling.
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Special importance is placed on the cumulative void content within the composite, since
it can be quantified from experiments via non-destructive testing, as explained in Section
7.1. Notably, the data obtained from these tests is subsequently used to calibrate the
modeling parameters.
Further, in equation ( 7-2 ) the vvoid evolution is also dependent on the average strain
energy ratio of the PNC. The ratio is arithmetically expressed as the division of the strain
energy at each cycle to the initial strain energy. Their quantities are calculated per
equation ( 7-3 ). Figure 7-15 shows the variation of strain energy (η) ratio with respect to 
the vvoid per cycle and to the cumulative void volume fraction. It is seen that η ratio 
decreases in time as a result of increasing cumulative vvoid. Given that the voids within
the PNC result in reduction in the elastic modulus, and consequently lower stress as well
as lower strain energy.
Time
Time
(a) (b)
Figure 7-15. (a) Void volume fraction created per strain energy ratio (η/ηo). (b) Change in cumulative void
volume fraction w.r.t. strain energy ratio (η/ηo).
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In the context of the thermal fatigue life of PNCs, numerical simulations have been
conducted with the aim of determining the influence of the several variables used in the
model. In the parametric studies, three values are set a priori for each variable, while
keeping the others constant. They are listed as Weibull parameter (  ), volume fraction
of SWCNT (vf), temperature change (ΔT), and CTE of SWCNT (CTEnt). Figure 7-16 
shows the estimated lives of the PNCs, obtained by the developed damage model. The
results produced for each parameter are shown in the sub-plots, with their pre-assigned
values. In the plots, the base values of the parameters, used as constants in the model, are
 = 15, vf = 0.05, ΔT = 40 deg, and CTEnt = 0 1/K. The thermal fatigue lives are 
represented in terms of number of thermal cycles. The PNC is considered to become
damaged, conforming to the a priori set failure criterion, as previously described.
In Figure 7-16 plot (a), the fatigue lives are given per Weibull shape parameter (  )
values of 10, 15, and 20. The results show an exponential improvement with increasing
 values. This is well expected, as higher  values lead to lower vvoid amount created
at each cycle. It is due to the fact that the strain energy ratio is less than one in equation (
7-2 ). Plot (b) shows the effect of SWCNT content (vf) on the thermal fatigue life. The
simulations have been conducted for PNCs with vf values of 1, 5 and 10 percent. Even
though the life has an increasing tendency, its rate is declining. The corresponding void
content has a prominent influence on this matter, as discussed in Section 6.2. In short,
higher vvoid are created at higher vf and consequently leading greater property
degradation. Specifically, the rate of life improvement is 26.5% per unit vf between 1 and
5% vf; 8.3% from 5 to 10% vf.
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(a) (b)
(c) (d)
Figure 7-16. Change in PNC life (Nmax) w.r.t.; (a) Weibull parameter, beta values, (b) SWCNT volume
fraction, vf values, (c) Temperature change, ΔT values, (d) SWCNT CTE values.
Plot (c) presents the PNC lives obtained for the temperature changes of 40, 80 and 120
degrees. A lessening exponential behavior is observed. As described previously, the
thermal stress within the composite has a linear relation with ΔT; hence a greater amount 
of voids are created when larger ΔT is applied. Further, the diminishing rate is mainly 
attributed to the strain energy change, which is squarely proportional to the stress. In plot
(d), the influence of CTE of SWCNTs is shown, using the values -10, 0 and 10 e-6 1/K.
The PNC life drops with increasing CTEnt values. This tendency is expected as the lower
CTEnt value results in a reduced average PNC stress, and thus a lower amount of voids
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generated. It is also observed that the resultant trend is almost linear; nevertheless the
amount of reduction is rather insignificant.
While Figure 7-16 solely provides the thermal fatigue lives of the PNCs, it does not offer
any suggestion on the degradation behaviors of their properties. Appendices give details
on the variations of the thermal (K and CTE) and elastic (E and ν) properties with respect 
to the number of thermal cycles. The influence of the modeling parameters (i.e.,  , vf,
ΔT, CTEnt) on each property is also presented. Notably, the property deteriorations 
follow similar fashions for each modeling parameter. Plots are given both on semi-
logarithmic and linear scales with the purpose of enhanced assessment. Particularly,
Appendices A, B, C and D provide the evolutions of the effective elastic modulus,
Poisson’s ratio, coefficient of thermal expansion, and thermal conductivity, respectively.
As discussed earlier, the PNCs are assumed to be failed when their elastic modulus loss is
10 percent. At the material failure, 4 percent reduction in Poisson’s ratio can be observed.
Similarly, the effective CTE loss is approximately 11 percent. Lastly, the thermal
conductivity decreases by nearly 5 percent.
Examining the plots on semi-log scale, the trend of the decay in the properties can be
interpreted. As  being the shape parameter, it affects the rate of degradation.
Specifically, a higher  value suggests a steeper slope of the curve, hence a lower
thermal fatigue life. Regarding the impact of SWCNT vf, a rather non-linear fashion is
observed; yet a consistent pattern can possibly be construed. To this end, a comparison of
the normalized results reveals that rate of degradation rises with the vf values.
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Conversely, an increase in ΔT merely causes the curve to shift down. A similar behavior 
is noticed in the variation of CTEnt parameter. The numerical evidence on the elastic
modulus indicates that the influence of CTEnt on the PNC life is insignificant. As a
consequence, it has not been studied for the other properties.
The proposed damage model calculates and updates the parameters and the properties at
each thermal cycle until the failure criterion is satisfied, as described in Section 7.4.
Depending on the simulation, various time steps (dt) are employed to optimize the
numerical calculation time. Figure 7-17 investigates the influence of the time step on the
effective elastic modulus degradation. The reference values are computed by dt equaling
to 1. To this end, dt values of 3 and 10 are compared. The results computed by dt of 10
converges the reference line after 100 cycles; while a higher precision is attained as low
as 10 cycles by using dt of 3. To conclude, the majority of the simulations are performed
with dt of 1 in this chapter.
Figure 7-17. Effect of time step (dt) on the elastic modulus (E) w.r.t. number of thermal cycles (N) on a
semi-log scale. Right plot shows the details of first 200 cycles.
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Engineering design places special importance on the stress-strain behavior of a material.
In this context, Figure 7-18 shows the progression of the secant modulus of a PNC, which
can also be considered as the instantaneous elastic modulus change. The presented values
are extracted at various thermal cycles. The results are for a PNC with 5% SWCNT vf in
40 degrees of temperature difference.
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Figure 7-18. Change in thermal cyclic stress-strain behavior as damage develops.
An essential part of a computational modeling demands an adequate experimental
evaluation for the assessment of its accuracy and precision. In this regard, an attempt is
made to investigate the performance of the proposed fatigue damage evolution model.
However, the literature provides no work pertinent to the thermal fatigue of the carbon
nanotube reinforced polymer composites. To this end, the following comparisons are
presented in an effort to illustrate the similarities of the trends between the experimental
findings found in the literature and the numerical results computed in this chapter.
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The major aspects of the problem addressed are degradation in the elastic modulus and
growth of the void content. For the purpose of comparing their behavior, two sets of
experimental studies are considered. Manjunatha et al. [220], performed tensile fatigue
tests on epoxy polymer composites reinforced with well-dispersed silica nanoparticles.
Berthelot et al. [237], analyzed the progressive development of transverse cracking in
composite laminates subjected to uniaxial fatigue loadings.
Figure 7-19 and Figure 7-20 show the evolution of the elastic moduli with respect to the
number of fatigue cycles, on linear and semi-log scale, respectively. The results obtained
from the simulations suggest strong resemblance with the experiments. Further, the
characteristic damage state (CDS) can be identified in Figure 7-19. It is noted that both
numerically generated values represent the same simulation results, but on different
scales. Similarly, compatible behaviors are attained in terms of the progression of the
void content, shown in Figure 7-21 and Figure 7-22.
Figure 7-19. Comparison of stiffness degradation trends between the modeled sample PNC (left) and the
experimentally obtained GFRPs with various matrices (right) [220].
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Figure 7-20. Comparison of stiffness degradation trends between the modeled sample PNC (left) and the
modeled silica nanocomposite (right). Reproduced from [237].
Figure 7-21. Comparison of void/crack density trends between the modeled sample PNC (left) and
experimentally obtained GFRPs with various matrices (right) [220].
Figure 7-22. Comparison of void/crack density trends between the modeled sample PNC (left) and the
modeled silica nanocomposite (right). Reproduced from [237].
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Chapter 8
8. Concluding Remarks
A novel approach to determine the effective thermal conductivity of polymer
nanocomposites (PNC) has been presented in this dissertation. The PNC has been
considered to consist of randomly distributed and dispersed isotropic single-walled
carbon nanotubes (SWCNT), SWCNT agglomerates and a polymer matrix. Evidence in
the literature has demonstrated the notion that the thermal conductivity of PNC observed
from the experimental findings and the estimations made by currently available models
differs significantly. This discrepancy has been attributed to the inherent heterogeneity of
the PNC, which is caused by various uncertainties, such as SWCNT dispersion, spatial
distribution, size and shape. Thus, the proposed model is based on a statistical
homogenization approach that captures the randomness in the nanocomposites. The
characterization of the randomness in the nanostructure relies on the PNC structures
obtained from actual images. In this context, the PNC has been treated as a random
heterogeneous medium and its structure has been defined as a material region (MR) as a
representative volume element (RVE) that has been discretized by a number of finite
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elements (FEs). Random material fields have been generated that correspond to non-
uniform nanotube content throughout the matrix. Local SWCNT volume fractions have
been produced from appropriately selected random variables that have specific
probability density functions (PDFs), i.e., uniform, normal and Weibull. A set of
generated volume fraction values has been considered as one realization and assigned to
each FE in the MR. The finite element method has been utilized to determine the overall
thermal conductivity of the PNC in conjunction with a Monte Carlo scheme to assess the
statistical information of the response. Numerous realizations of the SWCNT volume
fraction have been generated to account for the variations in the distribution of the
nanotubes in the polymer.
Experiments and image analyses reveal that carbon nanotubes (CNTs) exist in a non-
homogeneous manner in polymers. Therefore, the proposed model assumed that a finite
element is composed of a polymer, randomly distributed and dispersed individual
SWCNTs and spherical agglomerates made of SWCNTs. In local level, the
homogenization has been performed by the equivalent inclusion method (EIM) to
determine the thermal conductivity of each FE that contains certain amount of randomly
assigned SWCNT volume. Depending on the composite manufacturing, nanotubes can be
present as individuals up to a certain volume and the rest forms agglomerates.
PNCs have been first modeled by the more basic hybrid approach using two-phase EIM.
The individual nanotubes and the pristine matrix combination have been treated as a
hybrid matrix with an improved thermal conductivity, and then the agglomerates have
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been introduced into that hybrid matrix. At each stage, two-phase EIM has been
employed. However, there is a strong need for a more accurate and effective technique
for more realistic modeling of the PNCs. In this regard, a multi-phased EIM has been
derived which can incorporate all three inclusions once with a higher efficiency.
SWCNTs have been assumed to be straight, randomly distributed and oriented. The
equivalent inclusion method based on the well known Hatta-Taya method, has been
applied to individual SWCNTs and the polymer to determine the thermal conductivity of
a finite element.
Further, the experimental studies and image analyses in the literature have proven the
existence of nano/macro void inclusions within particle reinforced composites. The
existence of voids originates from the current processing and manufacturing methods. It
has been shown that their existence in the matrix has a lowering effect in the thermal
conductivity of a polymer composite. The proposed approach in this dissertation has also
investigated the impact of the voids in the PNCs by the use of the developed multi-phase
equivalent inclusion method.
Furthermore, it has been shown that the undesired constituents existing in the composite
besides nanotubes can impair the thermal conductivity enhancement of a nanocomposite.
Provided that proper information on nanotube processing and the level of such impurities
is available, the proposed approach is capable of incorporating the impurities into the
model. To this end, the MCFEA has been employed to simulate such experimental
studies. The results were sound and in excellent accord with the experimental findings.
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The results derived by the Monte Carlo Finite Element Approach (MCFEA) capture the
influence of the spatial randomness in the PNC structure, and provide statistical
information of its effective thermal conductivity. Non-uniform nanotube distribution,
dispersion and size effects have also been captured by the proposed model. Variations of
certain parameters used in the model pertaining thermal conductivity of the constituents,
SWCNT volume fraction, size, aspect ratio and their effects on the overall effective
thermal conductivity of the PNC have been presented.
Next, to assess the accuracy of the proposed MCFEA, data obtained from experimental
studies have been compared with present analytical techniques and with the numerical
results derived by the new approach. In the comparison of the experimentally measured
data with the values computed by the developed model, the interfacial thermal resistance
between the polymer and SWCNT has also been considered. This high resistance appears
to be a critical element in limiting the utility of nanotubes for enhancing the PNC thermal
properties.
Collectively, the effective thermal conductivity values determined by the MCFEA in this
dissertation have been found in good agreement with the currently available experimental
data reported in the literature. Further, the approach provides valuable information on the
influence of the randomness and heterogeneity in the PNC structure on the overall
effective thermal conductivity of SWCNT reinforced polymers.
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Lastly, this dissertation has taken an initiative in modeling the thermal cycling behavior
of polymer nanocomposites. In the literature, it is known that the thermal and mechanical
properties of polymer composites are impacted under thermal cyclic loading, caused by
the thermally induced stresses and strains. This dissertation has focused on the first stage
composite fatigue damage which is dominated by void/crack propagation. The PNCs
have been assumed to contain an initial void content, which then gradually increase when
subjected to alternating temperature change. A Weibull-based damage accumulation
model has been adopted for the gradual void content evolution. Further, the PNC was
pronounced as failed when a certain failure criterion is reached.
To estimate the properties of PNCs reduced by the presence of voids, micromechanics
based homogenization methods have been used. Specifically, the Hatta-Taya method
developed previously has been used to compute their thermal conductivity, and the Mori-
Tanaka method has been developed for the elastic modulus, Poisson’s ratio, and
coefficient of thermal expansion. The PNC has been assumed to consist of matrix,
individual SWCNTs, and voids. In the developed fatigue model, the PNC properties are
re-calculated in each thermal cycle by the homogenization methods until the failure
criterion is reached. Finally, the degradation of the PNC properties and the life has been
estimated. The experimental comparisons have shown compatible behavior in terms of
the progression of the void content and the PNC life. The proposed damage accumulation
approach can serve for predicting the property degradations in PNCs and their life under
thermal fatigue. It, therefore, provides a bridge between the micromechanics and the
cumulative damage at macro level.
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A further extension of the proposed approach may include the impact of temperature
dependent nanotube thermal conductivity, and introducing the randomness in nanotube
dispersion and distribution into the thermal fatigue problem of polymer nanocomposites.
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Appendix A – Degradation of Elastic Modulus
241
Figure A-1. Variation of elastic modulus (E) w.r.t. number of thermal cycles (N) for various Weibull shape parameter, beta values.
Top – Comparison of all beta values in semi-log scale. Bottom – Individual beta values.
242
Figure A-2. Variation of elastic modulus (E) w.r.t. number of thermal cycles (N) for various SWCNT volume fraction, vf values.
Top – Comparison of all vf values in semi-log scale. Bottom – Individual vf values.
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Figure A-3. Variation of elastic modulus (E) w.r.t. number of thermal cycles (N) for various temperature change, ΔT values.  
Top – Comparison of all ΔT values in semi-log scale. Bottom – Individual ΔT values. 
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Figure A-4. Variation of elastic modulus (E) w.r.t. number of thermal cycles (N) for various SWCNT CTE values.
Top – Comparison of all SWCNT CTE values in semi-log scale. Bottom – Individual SWCNT CTE values.
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Appendix B – Degradation of Poisson’s Ratio
246
Figure B-1. Variation of Poisson’s ratio (ν) w.r.t. number of thermal cycles (N) for various Weibull shape parameter, beta values.  
Top – Comparison of all beta values in semi-log scale. Bottom – Individual beta values.
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Figure B-2. Variation of Poisson’s ratio (ν) w.r.t. number of thermal cycles (N) for various SWCNT volume fraction, vf values.  
Top – Comparison of all vf values in semi-log scale. Bottom – Individual vf values.
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Figure B-3. Variation of Poisson’s ratio (ν) w.r.t. number of thermal cycles (N) for various temperature change, ΔT values.  
Top – Comparison of all ΔT values in semi-log scale. Bottom – Individual ΔT values. 
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Appendix C – Degradation of Coefficient of Thermal Expansion
250
Figure C-1. Variation of coefficient of thermal expansion (CTE) w.r.t. number of thermal cycles (N) for various Weibull shape parameter, beta values.
Top – Comparison of all beta values in semi-log scale. Bottom – Individual beta values.
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Figure C-2. Variation of coefficient of thermal expansion (CTE) w.r.t. number of thermal cycles (N) for various SWCNT volume fraction, vf values.
Top – Comparison of all vf values in semi-log scale. Bottom – Individual vf values.
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Figure C-3. Variation of coefficient of thermal expansion (CTE) w.r.t. number of thermal cycles (N) for various temperature change, ΔT values.  
Top – Comparison of all ΔT values in semi-log scale. Bottom – Individual ΔT values. 
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Appendix D – Degradation of Thermal Conductivity
254
Figure D-1. Variation of thermal conductivity (K) w.r.t. number of thermal cycles (N) for various Weibull shape parameter, beta values.
Top – Comparison of all beta values in semi-log scale. Bottom – Individual beta values.
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Figure D-2. Variation of thermal conductivity (K) w.r.t. number of thermal cycles (N) for various SWCNT volume fraction, vf values.
Top – Comparison of all vf values in semi-log scale. Bottom – Individual vf values.
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Figure D-3. Variation of thermal conductivity (K) w.r.t. number of thermal cycles (N) for various temperature change, ΔT values.  
Top – Comparison of all ΔT values in semi-log scale. Bottom – Individual ΔT values. 
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Appendix E – Hatta – Taya Method
The characteristics of the Hatta-Taya method are
I. Uses Equivalent Inclusion Method for steady state heat conduction, analogous to
Eshelby’s, and thermal counter part of Mori-Tanaka;
II. Replaces the actual inclusion by an equivalent one made of matrix material,
which has appropriate misfit temperature gradient, such that the flux is the same
as for the actual inclusion;
and
III. Takes into account the interaction among multiple inclusions.
Two phase Hatta-Taya (matrix and one type of multiple inclusion) is described below.
qAqA
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KM
KI
Figure E-1. Schematic of Hatta-Taya homogenization.
The overall heat balance equation of the homogeneous composite is
qA = KEff < T,i> , E.1
where
qA is the applied heat flux;
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KEff is the effective thermal conductivity of the homogenized composite;
and
< T,i> is the average composite temperature gradient.
The average composite temperature gradient is related to the applied and the disturbed
temperature gradient at the rate of the volume fraction of the inclusions. Specifically,
qA = KEff < T,i> = KEff ( TA,i + f TT,i ) , E.2
where
f is the volume fraction of inclusions,
TT,i is the disturbed temperature gradient due to mismatch.
TT,i can be obtained via equivalent inclusion method.
KI ( TA,i + TC,i + <T,i>M ) = KM ( TA,i + TC,i + <T,i>M - TT,i ), E.3
where left hand side is the actual inclusion flux, and right hand side is the equivalent
inclusion flux, and
TC,i is the constrained temperature gradient,
<T,i>M is the mean matrix temperature gradient due to inclusions (interaction term).
The relationship between TC,i and TT,i is given by a transformation tensor, S, similar to
Eshelby’s, which is a function of aspect ratio of the inclusions.
TC,i = S TT,i E.4
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Term <T,i>M is obtained through internal flux balance based on the effective field theory
as
(1-f ) <q>M + f <q>I = 0 , E.5
where the mean matrix flux is
<q>M = KM <T,i>M , E.6
and
the mean inclusion flux is
<q>I = KM ( TC,i + <T,i>M - TT,i ) . E.7
Therefore,
<T,i>M = -f ( TC,i - TT,i ) . E.8
Then, the disturbed temperature gradient can be obtained as functions of
TT,i => ( TA,i , f , S , KM , KI ) . E.9
Finally, plugging the above terms into overall heat balance equation (E.1) gives the
effective thermal conductivity of the homogenized composite.
